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Type II string compactificatioris to 4d generically contain massless Ramond-Ramond U(l) 
gauge symmetries. However there is no massless matter charged under these U(l)'s, which 
makes a priori difficult to measure any physical consequences of their existence. There 
is however a window of opportunity if these RR U(l)'s mix with the hypercharge U(l)y 
(hence with the photon). In this paper we study in detail different avenues by which 
U(l)iyj bosons may mix with D-brane U(l)'s. We concentrate on Type IIA orientifolds 
and their M-theory lift, and provide geometric criteria for the existence of such mixing, 
which may occur either via standard kinetic mixing or via the mass terms induced by 
Stiickelberg couplings. The latter case is particularly interesting, and appears whenever 
D-branes wrap torsional p-cycles in the compactification manifold. We also show that in 
the presence of torsional cycles discrete gauge symmetries and Aharanov-Bohm strings and 
particles appear in the 4d effective action, and that type IIA Stiickelberg couplings can be 
understood in terms of torsional (co)homology in M-theory. We provide examples of Type 
IIA Calabi-Yau orientifolds in which the required torsional cycles exist and kinetic mixing 
induced by mass mixing is present. We discuss some phenomenological consequences of 
our findings. In particular, we find that mass mixing may induce corrections relevant for 
hypercharge gauge coupling unification in F-theory SU(5) GUT's. 
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1 Introduction 



String theory compactifications with a semi-realistic spectrum generically lead to a 
number of U(l) gauge symmetries beyond the standard model hypercharge. Some of 
these U(l) symmetries acquire masses of the order of the string scale via the Stiickelberg 
mechanism and would be difficult to detect unless M s ~ 1 TeV. They remain as global 
symmetries of the low energy effective Lagrangian, only broken by non-perturbative 
effects. The canonical example is the U(1)_b-l symmetry which arises in many D-brane 
models. Some other U(l)'s, however, may appear in the massless spectrum or acquire 
very light masses (generated for instance by quantum corrections). Those can pass all 
the current experimental bounds (from EW precision data, searches for 7 — 7' oscilla- 
tions, cosmological bounds, etc.) if their coupling to the Standard Model hypercharge 
is sufficiently small. The relevant parameter space has two quantities: the mass of the 
hidden photon and the kinetic mixing between the hypercharge and the hidden photon. 
In addition, due to the above mixing with the SM hypercharge, particles charged un- 
der the hidden U(l) acquire an effective electric (mini-)charge and can lead to further 
experimental signatures. Some references for U(l) mixing in the string theory context 
include pQ. The possibility of having hidden U(l) gauge symmetries has also motivated 
interesting applications in the context of supersymmetric models. For instance, it has 
been suggested that hidden U(l)'s can lead to a possible mechanism for mediating 
SUSY breaking to the visible sector in a flavor independent way [2H5]. Also, mixing 
of MSSM neutralinos with hidden U(l) gauginos can be a relevant signature at the 

LHC [SHE]. 

In type II string compactifications there are two possible sources of hidden U(l) 
gauge symmetries: D-branes located far away from the SM D-brane sector and which 
do not intersect it, and U(l) gauge symmetries arising from Kaluza-Klein reduction of 
Ramond-Ramond closed string fields. This work intends to be a systematic study of 
RR U(l) gauge symmetries in Calabi-Yau compactifications and their possible mixing 
with D-brane gauge bosons. In particular, we find that RR gauge bosons can mix 
with D-brane U(l)'s through direct kinetic mixing (see also [9HT2]) or through the 
mass matrix induced by a Stiickelberg mechanism. The latter is generic in Calabi-Yau 
orientifold compactifications with torsional p-cycles, and can be understood in a precise 
way in terms of the integer homology of the Calabi-Yau. We develop the necessary 
tools to describe this mixing and provide examples of type IIA CY orientifolds in which 
the required torsional cycles exist and kinetic mixing is induced via Stiickelberg mass 
mixing. 
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Mixing between Ramond-Ramond and D6-brane U(l) gauge symmetries may find 
interesting applications in the context of type II/F-theory SU(5) models, which we 
briefly describe. In particular we observe that RR U(l) gauge symmetries can provide 
an alternative to the standard picture that has been developed in the context of F- 
theory local GUT's, in which the GUT gauge symmetry is broken via a hypercharge 
flux along the internal dimensions [T3"|[T4"]. Such scenario is compatible with a massless 
hypercharge only if certain topological conditions are imposed on the hypercharge flux. 
As we discuss, such conditions are compatible with the topological conditions required 
for the mass mixing between the hypercharge and RR U(l)'s and so it could happen 
that the actual hypercharge has a contamination from RR U(l) gauge symmetries. A 
direct consequence of this contamination is a modification of the fine structure constant 
which may be crucial for achieving actual gauge coupling unification in the present 
setup. 

The effect of mass mixing is intimately related to another interesting feature of 
Calabi-Yau compactifications with torsion in (co)homology, namely the appearance 
of RR discrete gauge symmetries. Recently Banks and Seiberg [TS] have shown that 
in every consistent four- dimensional quantum theory of gravity massive U(l) gauge 
symmetries are spontaneously broken to discrete gauge symmetries, and that there 
are Aharanov-Bohm strings and particles associated to them, with unusual charge 
quantization. In this sense our study reveals that this 4d picture of massive U(l)'s is 
consistently realized in string theory through the torsional (co)homology of the compact 
manifold. In fact, it is precisely this set of massive RR U(l)'s the ones that in the 
presence of D-branes may develop a mass mixing with open string U(l)'s, so that the 
massless U(l) that results from the Stiickelberg mechanism in neither open nor closed, 
but a linear combination of both. 

While our results are equally valid for both type IIA or type IIB compactifications, 
our discussion is mainly carried in the context of type IIA compactifications, since it has 
a more direct connection to M-theory. The M-theory picture is particularly compelling 
when analyzing Abelian gauge symmetries, since there both D6-brane and RR U(l) 
gauge symmetries arise from Kaluza-Klein reduction on the G2 manifold. In this sense, 
our discussion shows that both sets of massive U(l)'s/discrete gauge symmetries arise 
from KK reduction on the torsional cohomology of the G2 manifold. As a quite direct 
consequence of this, we observe that Freed- Witten D6-brane gauge anomalies are lifted 
to M-theory backgrounds where 4-form G4 has a torsional cohomology class in the 
compactification manifold. 
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The paper is organized as follows. In section [2] we describe the family of type IIA 
Calabi-Yau compactifications in which we will carry most of our discussion, reviewing 
those results in the literature which will be necessary in subsequent sections. In section 
Owe describe the kinetic mixing that occurs between open and closed string U(l)'s, 
as well as its lift to M-theory. We describe the effect of torsional homology in these 
compactifications in section HI In particular we first discuss the relation between torsion 
p-cycles and discrete gauge symmetries and then, upon adding D-branes, to the mass 
mixing developed between open and closed string U(l)'s. The latter mixing is used in 
section [5] in order to describe how our results may be relevant for certain scenarios, 
and in the particular in the F-theory setup described above. Finally, in section [6] we 
leave the realm of Calabi-Yau compactifications, and discuss certain new features that 
appear when we consider type IIA/M-theory compactifications with background fluxes. 

We leave our final comments for section [7J and several technical details for the ap- 
pendices. In particular in appendix |A] we perform the dimensional reduction to 4d of a 
D6-brane action. Appendix |B] translates the results of the main text to the mirror sym- 
metric language of type IIB compactifications, and appendix O describes how D-branes 
can detect RR fields that live in the torsional cohomology of the compactification. 

2 U(l)'s in type IIA compactifications 

Abelian gauge bosons in weakly coupled type II string compactifications can originate 
from either open or closed strings. While the former are localized in the worldvolume of 
D-branes, the latter propagate along the full compactification manifold. Understand- 
ing the circumstances under which these two apparently different sectors interact with 
each other is the purpose of the next two sections. For concreteness, we will carry our 
discussion in the context of 4d M = 1 type IIA compactifications on Calabi-Yau orien- 
tifolds with intersecting D6-branes which, as shown in the literature [TB] , constitute a 
rich framework for model building in string theory. Our results can however be easily 
translated to dual type IIB orientifold compactifications, as we show in Appendix [B] 
In order to set up the stage, in this section we review those aspects of the 4d effective 
action of type IIA compactifications which are relevant for our purposes. 

2.1 Type IIA orientifold compactifications 

Let us consider type IIA string theory on an orientifold of M 1,3 x M.§, with M.§ a 
compact Calabi-Yau 3-fold. The orientifold action is given by Q p (—l) FL a, where Q p is 
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the worldsheet parity reversal operator, Fl is the space-time fermion number for the 
left-movers, and a is an internal involution of the Calabi-Yau. The involution acts on 
the Kahler 2-form J and the holomorphic 3-form Q of M.q as [T71IT8] 

a J=-J^ aQ=n (2.1) 

The fixed locus A of a is given by one or several 3-cycles of i n which 06-planes are 
located. One can then see that each of these 3-cycles is an special Lagrangian (sLag) 
submanifold of since (12. ip automatically imply the sLag conditions 

J| A = 0, Imfi| A = (2.2) 

In order to cancel the RR charge of the 06-planes one may introduce D6-branesJ3 each 
of them wrapping a 3-cycle 7r a within M.§. Consistency with M = 1 supersymmetry in 
4d then requires that these 3-cycles fulfill the same sLag conditions as the orientifold 
[2"U] , namely 

JL = 0, Im(fi)| Wa =0 (2.3) 

usually dubbed F-term and D-term conditions, respectively, due to how they appear 
in the D6-brane effective action. Cancellation of the total D6-brane charge in A4 e can 
then be recast as a condition in homology [21] 

E^(N + [<])=4[A] (2.4) 

where [7i a ] G H 3 (M. 6 , Z) is the homology class of the 3-cycle n a , and [ir*] = [cnr a ] that of 
the image of n a under the orientifold. Finally, N a stands for the number of D6-branes 
on top of the 3-cycle ir a . 

One of the virtues of compactifications on Kahler manifolds resides in that there is 
a one-to-one correspondence between massless fields in the 4d effective theory and de 
Rham cohomology classes. In particular, for the closed string sector of the theory the 
spectrum of 4d massless fields is obtained from expanding the lOd type IIA supergravity 
fields in a basis of harmonic forms. To which 4d field a p-form corresponds to not 
only depends on its degree p, but also on its parity under the orientifold involution 
a [TS1|22J|23]. We therefore introduce a basis of cohomology representatives of definite 
parity under a 

1 In order to cancel RR tadpoles and build 4d chiral models one may consider coisotropic D8-branes 
as in [19] . It should be straightforward to generalize the results of this paper to that case. 
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paired up and normalized such that 

u i Aw i = (5?', lu) i Au i = 62, lair\P J = 5j (2.5) 



The spectrum of 4d massless fields can then be arranged into h]: 1 + h 1,2 + 1 chiral 
multiplets and h 1 ^ 1 vector multiplets of the 4d J\f = 1 supersymmetry preserved by the 
compactification [TS|, [2H]. Apart from these, there are extra vector multiplets coming 
from the open string sector. 

The moduli space of the compactification is parametrized by the scalar components 
of the chiral multiplets. More precisely, these are given by h 1 ! 1 Kahler moduli T l and 
h 1 ' 2 + 1 complex structure moduli N A , with iV° the universal axio-dilaton. They result 
from the expansions [23] 

J c = B 2 + iJ = T l uj t , Vt c = C 3 + tRe(Cn) = N 1 ^ (2.6) 

where B 2 is the NSNS 2-form, C3 is the RR 3-form and C is a compensator field defined 

as 



C = e -fcoVvo% e K cs /2 K„ = - lo 



-- / n AQ 



(2.7) 



with 1O the lOd dilaton. The kinetic terms of the 4d chiral multiplets are then encoded 
in the Kahler potential for such moduli space, that can be expressed as [23] 



— = - log 



J A J A J 

Ma 



log e~ Hi (2. 



where Mp\ is the reduced 4d Planck mass, *6 stands for the Hodge star operator in 
M.§ and the 4d dilaton is given by, 

e -2^4 = 2 I R e (CQ) A * 6 Re (Cfi) (2.9) 

Particularly relevant for our purposes are the real parts of the complex structure 
moduli. These are invariant under shifts, and therefore behave as axions in the 4d 
effective theory. Their kinetic terms can be directly read from 



£ = -e^g^jReidN 1 ) A * 4 Re{dN J ) (2.10) 
2 
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where 

Gj) = M pi [ a i A *6«J (2-11) 
Jm 6 

is a function depending only on the complex structure moduli N . It is often convenient 

to express the axions in terms of 2-forms C\ of M 1 ' 3 that belong to the dual linear 
multiplets 

dC{ = -e^Gj} * 4 Re{dN J ) (2.12) 

and which arise from expanding the RR 5-form potential C5 in <r-odd harmonic 3-forms 
of M 6 

C 5 = £c£a/3' + ... (2.13) 
1 

where the dots stand for further terms giving rise to 4d gauge bosons, see eq. (12.30 p . 
The 4d duality relation ( 12 . 1 2 j) then arises as a direct consequence of the lOd duality 
relation F 4 = * 10-^6, where F p = dC p ^\ — C p _3 A dB 2 . 

2.2 Open string U(l)'s 

In weakly coupled type II orientifolds non-Abelian gauge groups and chiral fermions 
charged under them arise from open strings. As a consequence, in semi-realistic 4d 
compactifications the Standard Model gauge group and matter content are located in 
this sectoral In particular, for type IIA intersecting D6-brane models chiral fermions 
are localized at the D6-brane intersections, and the corresponding gauge groups at 
the 3-cycles 7r a , a = 1, . . . , K wrapped by the D6-branes. A single D6-brane on ir a 
will contain a U(l) a gauge theory in its worldvolume, while A^coincident D6-branes 
wrapping 7r a will give rise to an SU(N a ) x U(l) a gauge groupjj In the following we 
will focus on the U(l) factors of such open string gauge group. 

The gauge coupling constants of such U(l) factors are obtained at the disc level by 
dimensionally reducing the D6-brane DBI action (see e.g. [TTJ[T2| and Appendix |AJ 

= Re(/„) , f a = -iN a j Q c (2.14) 

Whereas at disc level the overall gauge kinetic function is diagonal, quantum corrections 
may induce kinetic mixing between different D6-brane gauge factors (see e.g. [24]). 

2 This is no longer necessarily true at strong coupling, where the distinction between open and 

closed string degrees of freedom becomes rather artificial. 

3 If ir a is invariant under the orientifold action the gauge group may instead be SO(N a ) or U Sp(N a ). 

Although these D6-brane can be easily incorporated into our discussion, we will not consider them in 

the following, as they do not give rise to U(l) factors of the gauge group. 
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In addition to the matter multiplets at the D6-brane intersections, there are h}(Ti a ) 
massless chiral multiplets transforming in the adjoint representation of U(N a ) for the 
a-th stack of D6-branes. Their scalar components are given by a combination of the 
Wilson line moduli 8 3 a and the geometric deformations <p l a of the 3-cycle n a which 
preserve the sLag conditions (12. 3ft . namely we have that 

*L = % + (2-15) 
where 8 J a are the components of an arbitrary Wilson line harmonic 1-form 

9 a = 9i( j , ^eH\Tx a ,Z) (2.16) 

and <p l a are the components of a normal vector preserving the sLag condition [25] 

a = faXi, X, t e iV(vr a ) | C X J = C Xi ImV = (2.17) 

with Cxi the Lie derivative along X^. Finally, A] G C is a matrix relating the two basis 
{Q} and {-Xj}, and can be defined as 

txMn a = KQ (2.18) 

where ix^ = {Xf l J mn )dx n is a harmonic 1-form on the D6-brane worldvolume [25] . 

While in principle each stack of N a D6-branes wrapping a 3-cycle ir a gives rise to a 
U(l) a factor, not all of these gauge symmetries survive at low energies. Indeed, several 
linear combinations of U(l)'s, and in particular those which are anomalous, become 
massive by an Stiickelberg mechanism [2T j l2"6 | l2~7] . with masses of the order of the string 
scale. In order to describe those U(l)'s which remain massless let us introduce the set 
of numbers 




(2.19) 



which define the Poincare duals to the 3-cycles 7r a 

iT a = ciaj + d^ 1 E H 3 (M 6 , R) (2.20) 

Notice that is proportional to the coupling of the 2-forms C| to a D6-brane wrapping 
7r a , and that this coupling is the one triggering the Stiickelberg mechanism. Indeed, 
dimensional reduction of the D6-brane action (c.f. Appendix |AJ reveals that some 
combinations of shift symmetries in the 4d effective theory are gauged in presence of 
D6-branes, and so (I2.10p gets modified to 

£ stk = - e 2 ^ 4 Q~j He^DN 1 ) A * 4 Re(DN J ) , DN 1 = dN 1 + c I a N a A a (2.21) 
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with A a the gauge potential for U(l) a . The linear combinations of U(l) gauge symme- 
tries which become massive are therefore 

Q^T,^^ ( 2 ' 22 ) 

a 

where Q a denotes the diagonal U(l) generator of the a-th stack of D6-branes. The 
number of axions N 1 which are eaten in order to produce massive U(l)'s is then given 
by the rank of the matrix . 

In order to get a better picture of which U(l)'s remain massless, let us briefly detour 
from our discussion and consider the case where the type IIA compactification is simply 
given by R 1 ' 3 x Aie, without any orientifold. In that case, dimensional reduction of the 
closed string sector yields a 4d M = 2 spectrum, and in particular we now have 1 + h 2,1 
M = 2 hypermultiplets, each containing two axions instead of one. Similarly, we have 
doubled the number of dual 2-forms, which arise from the reduction of C5 without any 
particular orientifold parity 

C 5 = ^C 2 / A/3 / + ^C 2J Aa J + ... (2.23) 
/ J 

As a result, the number of axions that can be eaten by the D6-brane U(l)'s is doubled 
with respect to the orientifold case, and we have that those open string U(l)'s that 
become massive are 

Q 1 = Y,c I a N a Q a and Qj = ^ d Ja N a Q a (2.24) 

a a 

With this information it is quite straightforward to provide a description of which 
U(l) bosons become massive and which ones do not. For this first notice that 7 a = 
(c a , d a ) is nothing but a vector in H 3 (Aie, M.) ~ IR 63 , with 6 3 = 2 + 2h}< 2 the number of 
independent harmonic 3-forms of A stack of N a D6-branes wrapping the 3-cycle 7r a 
is then represented by the vector N a ^ ai and the whole set of vectors {N a j a }^ =1 arising 
from the K different stacks spans a vector subspace V = ({7 a }) — K r of H 3 (Ai s ,'R). 
The dimension r of such subspace will be the number of eaten axions and massive open 
string U(l)'s, while K — r will be the number of D6-brane U(l)'s that remain massless. 

In the Poincare dual language of 3-cycles this amounts to say that the number r 
of massive U(l)'s correspond to the number of 3-cycles within {vr a } which are linearly 
independent in homology, more precisely as elements of H 3 (Ai s ,M.). The U(l)'s that 
remain massless are those whose coefficients c^, dj a vanish identically, which means 
that they are wrapping a trivial 3-cycle in Hs(M.q, R). This is impossible for a single 
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stack of D6-branes wrapping a sLag 3-cycle, but it can be achieved by taking linear 
combinations of 3-cycles. Indeed, a simple example of the latter would be to consider 
two coincident D6-branes wrapping 7T a which are separated via the adjoint Higgsing 
SU(2)xU(l) a — > U(l) ai xU(l) a2 . The two 3-cycles n ai and n a2 only differ by the values 
of their moduli & and so are equivalent in homology [7r ai ] = [7r a2 ]. This means that 
their U(l) gauge bosons have exactly the same couplings to the 2-forms, j ai = 7 fl2 = j a . 
Hence, the combination U(l) ai — U{l) a2 orthogonal to U(l) a = U{l) ai + U{l) a2 does not 
couple to any axion, and it remains as a gauge symmetry of the low energy theory. Note 
that this massless U(l) combination corresponds to the formal difference of 3-cycles 
TTai — 7i"a 2 ) which is indeed trivial in homology. 

In general, a massless U(l) will be given by a linear combination of the form 

Q b = ^n b a Q a such that % = ^ n b a N a % = (2.25) 

a a 

and, as each vector % corresponds to a 3-cycle n a we have that 7b corresponds to a 
formal linear combination of 3-cycles 

Tx b = ^ n h a N a ix a such that [tt&] = (2.26) 
« 

Hence, we can identify massless U(l)'s with linear combinations of D6-branes that 
correspond to (sums of) 3-cycles Tib trivial in homology. By definition, this means that 
there exists a 4-chain E 4 whose boundary is given by <9£ 4 = 71^, and so it connects all 
the 3-cycles that participate in the massless U(l). As we discuss in section [3J this fact 
will be crucial for computing kinetic mixing between open and closed string U(l)'s. 

Let us now go back to the orientifold compactification, where the picture is quite 
similar. The main difference there is that the open string U(l)'s only couple to the 
coefficients c£, and not to dj a . As a result, the number of massive U(l)'s is given by 
the dimension of ({c a }) C M ft-2,1+1 ~ ifi(A^6,K)- In addition, massless U(l)'s will be 
given by linear combinations of generators of the form 

Q b = J2n b a Q a such that c b = ^n b a N a c a = Q (2.27) 

a a 

and so its associated combination of 3-cycles 7Tb built as in ( I2.26P does not need to be 
trivial in full 3-cycle homology H 3 (A4 e , M), but only in the subspace H^(A4q, R) of odd 
3-cycles. Nevertheless, since we now have the orientifold images ir* of these 3-cycles 
we can construct the linear combination 

7T- = 5>XK-<) (2.28) 
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which by (I2.27P will be a trivial 3-cycle, in the sense that [ir^] = in H 3 (J\A e , M.). This 
again guarantees that we can build a 4-chain E 4 such that 9S 4 = tt^ . 

Note that in this discussion we have mainly dealt with the de Rham cohomology 
group H 3 (AiQ,M.) and its homology dual H 3 (Ai e ,M.), rather than the more funda- 
mental homology group H 3 (A4q,Z) that classifies topologically different 3-cycles. The 
difference between H 3 (A4q,Z) and H 3 (M.q,M.) does however only arise when M.q con- 
tains Z/v torsional 3-cycles, a possibility that we have implicitly ignored up to now. In 
fact, as we will see in section H] the discussion above has to be slightly modified in the 
presence of torsional 3-cycles. In that case the spectrum of massless and massive open 
string U(l)'s cannot be understood without considering the U(l) gauge symmetries 
that arise from the closed string sector, which we now turn to describe. 

2.3 Closed string U(l)'s 

Besides the gauge symmetries localized at the worldvolume of D-branes, there are 
generically extra U(l) gauge symmetries arising from the closed string sectoral For 
type IIA Calabi-Yau orientifold compactifications, massless closed string U(l) gauge 
bosons result from dimensionally reducing the RR 3-form C 3 on harmonic 2-forms of 
M.q which are even under the orientifold involution 

C 3 = J2 Re(iV 7 )tt/ + J2 Ai AuJi ( 2 - 29 ) 

/ i 

where we have included the axions Re(iV / ) discussed above. The corresponding 4d 
dual magnetic degrees of freedom arise from expanding the RR 5-form in hodge dual 
harmonic 4-formgj 

c 5 = °2 A p 1 + yi A Qi ( 2 - 3 °) 

I i 

Thus, overall there is a U{l) h + gauge symmetry in the 4d effective theory originating 
from the closed string sector of the compactification. 

The gauge kinetic function for these RR U(l)'s can be obtained from dimensional 
reduction of the relevant kinetic term and Chern-Simons coupling in the lOd type IIA 
supergravity action, resulting in [23] 

fa = -VCqt?* ( 2 - 31 ) 

4 In particular the presence of massless closed string gauge bosons in the 4d spectrum is ubiquitous 

in compactifications with extended supersymmetry. 

5 There are also 3-forms in the 4d theory which result from dimensionally reducing C5 on cr-odd 
2-forms. In this work we do not consider them as they are not relevant for our purposes. 
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where triple intersection numbers K i g are defined as, 

K ifk = f UiAujA^ (2.32) 

J Me, 

Hence, contrary to what happens for open string U(l) gauge symmetries, kinetic mixing 
between different RR U(l) factors can occur already at the disc level. 

In general, the only objects of the 4d effective theory which are charged under RR 
U(l) gauge symmetries are very massive D-particles made up from bound states of D2 
and D4-branes wrapping respectively even 2-cycles and odd 4-cycles in M.%. At very 
special points of the moduli space, such as orbifold points, these states can become 
light and the U(l) h + gauge symmetry gets enhanced to some non-Abelian group. 

2.4 Lift to M-theory 

Whereas in weakly coupled type IIA compactifications open and closed string U(l) 
gauge symmetries appear as rather different sectors, at strong coupling these differences 
are smoothed out. As the coupling increases, D6-brane excitations become delocalized 
in the transverse space, whereas RR bosons may feel a non-trivial potential localizing 
their wavefunction. At large coupling the perturbative expansion breaks down and the 
distinction between open and closed string degrees of freedom also does. M-theory 
therefore provides a natural framework for a unified treatment of D6-brane and RR 
U(l) gauge symmetries. 

Let us consider M-theory compactified on a G^-holonomy manifold Aij admitting 
at least one perturbative type IIA Calabi-Yau orientifold limit 

M 7 (M 6 x S^/a (2.33) 

with a = (a, —1) an involution which acts as the orientifold involution in Ai& and 
reverses the M-theory circle. The only bosonic degrees of freedom are the M-theory 
3-form A3 and the metric. Fluctuations of the latter are encoded in the covariantly 
constant real 3-form <3> 3 of Ai 7 [2S|. The massless fields in the 4d effective theory then 
result from expanding A3 and $ 3 in a basis of cohomology formsj^l 

A3 = Re(M 7 )</)/ + A a A co a $3 = Im(M 7 )0/ I - h ■ ■ ■ ,h(M 7 ) ^ ^ 

a = l,...,b 2 (M 7 ) 

6 Note that the only independent non-trivial cohomology classes in M.7 are H 2 (Ai 7 ) and H 3 (Ai7), 
with the other non-trivial classes related by 7d Hodge duality. 
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The massless content of the 4d effective theory is therefore given by 63 chiral multiplets 
and 62 vector multiplets of Af = 1 supersymmetry. The gauge group at generic points 
of the moduli space is U(l) b2 , although at those points where M2 and/or M5-branes 
wrapping 2-cycles and 5-cycles in Ai 7 become massless, it gets enhanced to some non- 
Abelian group. The gauge kinetic function has been obtained in [30] from dimensional 
reduction of lid supergravity action, and it is given by 

fa = -1M 1 f fa A uj a A up (2.35) 
Jm 7 

In the limit (12.331) harmonic 2- forms and 3- forms of Ai 7 decompose as, 

H 2 (M 7 ) = H 2 + (M 6 ) © ri(.M 6 )A£ (2.36) 
H 3 (M 7 ) = H 3 + (M 6 ) © H 2 _(M 6 )A£ © TKM^At (2.37) 

where £ is the harmonic vector of S 1 and IT (A4q) is a set of odd p-forms which are not 
globally well-defined in A4 6 . Hence, the &2CM7) massless gauge bosons are mapped in 
the perturbative IIA orientifold limit to {A4q) closed string and 62 (-M 7) — b\ (A4q) 
D6-brane gauge bosons^ Similarly, the bz{Ai 7 ) complex scalars correspond to b^(Aie) 
complex structure moduli, b^ (M.&) Kahler moduli and bz(J\A 7 ) — b% (AAq) — b^ (Ai§) D6- 
brane moduli in the orientifold limit. Open and closed string U(l) gauge symmetries 
have therefore a common origin in M-theory, as anticipated. This unified description 
is also particularly useful for understanding open/closed string dualities. These occur 
when the G2 manifold admits various perturbative limits of the form (I2.33p . In that 
case some RR and D6-brane U(l) gauge symmetries may appear exchanged at different 
type IIA orientifold limits [28] . 

3 Kinetic mixing with RR photons 

Given the two sets of massless U(l)'s described in the previous section, that is those 
arising from open and closed string degrees of freedom, it is natural to ask how they are 
related to each other. In particular, one may wonder if there is non-trivial kinetic mix- 
ing between them. The aim of this section is to provide a simple geometric expression 
for the gauge kinetic function f ia that mixes open and closed string U(l)'s 

Vmix = - / [Mfia)Fl n A * 4 F 2 a + Im(/ ia )F^ A F 2 a ] (3.1) 
7 The later can be heuristically understood from expanding the NSNS 2-form B2 in elements of 
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where F^ R = dA l and F£ = dA a are 4d field strengths for RR and D-brane U(l)'s, 
respectively. 

A first hint on how f ia should look like comes from the Chern-Simons couplings of 
a single D6-brane to the RR potentials C5 and C3, encoded in the following action 



Scs = I P 



(3.2) 



1 . „ \ 1 



^A^5+2^5 + ...J+/2A^A^ 3 +-£^3 + .. 

where T% = ^2 + ^2, and -?[•••] denotes the pull-back to the worldvolume of the 
D6-brane. In the second line we have performed a Taylor expansion on a massless 
deformation (12.17P of the D6-brane 3-cycle ir a , £^ o being the Lie derivative along such 
deformation. Following the computations of Appendix |A] (see also [TT|IT2"]) one can 
dimensionally reduce such action to obtain an expression of the form ( 13. D with 



fia = -iM%& a + ... (3.3) 



where we have dropped all terms beyond linear order in the D6-brane moduli given 
by (I2.15p . Finally we have defined 



M% = \ ut A = / d (3.4) 

J TV a J pj 

with Q a harmonic 1-form of 7r a , pj C n a its Poincare dual 2-cycle and the Calabi-Yau 
2-form related to the RR U(l). It is easy to check that Ai^ is a moduli-independent 
topological quantity, that vanishes unless some non-trivial 2-cycle pj of 7r a is also non- 
trivial in the Calabi-Yau Mq. More precisely, for M.^- to be non-zero the 2-cycle pj 
should be a non-trivial element of if^A^? R)j so that the rhs of ( 13. 4p does not vanish. 

In fact, the kinetic mixing (13. 3p is only well-defined up to a ^-independent term, 
related to the choice of 3-cycle ir a within [ir a ] taken to describe the point <p a = 0. This 
ambiguity is however only present for massive D6-brane U(l)'s, while for those U(l)'s 
that are not lifted by the Stiickelberg mechanism fi a is fully well-defined|f| Indeed, 
this is easily seen in the case of the adjoint Higgsing SU(2)xU(l) a — >XJ(i) ai xU(l) a2 
discussed in the previous section, in which the massless combination U(l) 01 — U(l) a2 
is the one to be considered. Recall that the two 3-cycles ir ai and n a2 only differ by 



8 In order to fix this ambiguity for massive D6-brane U(l)'s one may resort to define a reference 
3-cycle 7r° in the same homology class [7r a ], as in [TTJ[T2]. For the massless U(l)'s of interest for this 
paper such choice of reference 3-cycle is not needed. 
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the vev of their moduli $ ai) and by consistency the kinetic mixing of RR fields with 
U(l) ai — U(l) a2 should vanish for $ ai = $ a2 . We must then have 

/ i(ai _ a2) = -iM?^ - + ■ ■ ■ (3-5) 

without any ^-independent contribution. One may also see that in general this local 
expression translates into the more geometrical one 

f l{ai . a2) = -i [ (J c + Ff- a2 ) A u t (3.6) 

where S4 is a 4-chain such that <9E 4 1_a2 = ir ai — ir a2 , and we are identifying 

/ F£ 1 - a2 Auj i = [ A ai ~ a2 ALOi=[ A ai AUi-f A a2 AUi. (3.7) 

It is now easy to generalize the expression (13. 6ft to any massless D6-brane U(l). 
Recall from the previous section that such U(l) can be characterized by a linear com- 
bination of 3-cycles 7r& = n b a N a ii a trivial in homology, so that there exists a 4-chain E 4 
such that <9£ 4 = n^. It is then natural to expect a kinetic mixing of the form 

U = -i [ (Jc + F b 2 ) A to., (3.8) 

where again the integral over F\ A Ui should be understood as a surface integral 

/ F h 2 A Ui = I A b A ^ . (3.9) 

As before, this expression has the same ^-dependence as the linear combination 
fi a N a n b a , with f ia given by ( 13. 3ft . that one would obtain by expanding the CS action 
(13. 2p . However, in f 13 . 8 ft the ^-independent contribution to the kinetic mixing is fixed, 
up to a subtle point that we now describe. Given a boundary 7r&, the 4-chain £4 such 
that 8Tj\ = TTf, is defined only up to a 4-cycle 714, since by definition dT\ = d(E\ + ir^). 
Each smooth 4-chain of the form + 7r 4 will then be equally valid to enter into the 
expression for the kinetic mixing and, if 7r 4 is non-trivial in the homology of Mq, then 
the $- independent contribution to (13.81) will depend on the homology class [7r 4 ]. More 
precisely, the kinetic mixing computed over S 4 or over S 4 = S 4 + 7r 4 , with 7r 4 the 
Poincare dual to the 2-form Uj, will differ by = —i f^ J c A Ui where is the 
mixing (1 2 . 3 1 ft between two RR U(l)'s. Hence, it would seem that given an open string 

9 Indccd, both p.5p and (|3.6|) have the same dependence with respect to the open string moduli 
and both vanish for $ Ql = $ Q2 . For further details see [ITl[T2ll3T] . 
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massless U(l)& and its associated boundary n b , the expression (13. Sp gives a discrete set 
of possibilities for the kinetic mixing f ib . 

In practice, however, one is able to distinguish between all these choices from the 
physical context, so that no real ambiguity arises. Let us for instance consider the case 
where, by performing a loop in the open string moduli space, the initial 4-chain £4 is 
deformed to £|' = £4 + 714. The kinetic mixing between open and closed string U(l)'s 
should then vary accordingly. That is 

£4 ->■ £4 + 7171^ implies f ib -»■ /»& + n/y nGZ (3.10) 

with n the number of loops that we have performed. Such kind of behavior is well- 
known in M = 1 string compactifications, where the closed string moduli space is 
fibered over the open string moduli space, and so performing certain loops on the D- 
brane moduli space is equivalent to shift the values of the closed string variables [32~jl3"3] . 
In the case at hand, performing loops is equivalent to redefine our U(l) sector. Namely, 

£4! ->■ £^ + 7i7r| is equivalent to U(l) b -> U(l) b + nU(l)j neZ (3.11) 

and so we deduce that the 4-chains £4 and £4 + 71714 correspond to two different U(l)'s, 
hence the discrepancy in their kinetic mixing with U(l)j. 

While the above discussion may seem slightly speculative, one may put it in firmer 
grounds by understanding the expression (13.81) from the viewpoint of its M-theory lift. 
Indeed, upon fibering the M-theory circle on the 4-chain £4 it is easy to see that we 
should obtain a 5-cycle A5 C Aij related by Poincare duality to some harmonic 2- form 
ujp of the kind described in subsection 12 A\ and that corresponds to a massless U(l) J s. 
Hence, upon lifting our D6-brane configuration to M-theory we have to perform the 
replacements 

U(l) b -+ U{l) p 

£* 4 (3.12) 



J 4 ^ Il 5 

J c + F 2 M 1 



and so we obtain 



J Mi 



fib ^ ~i M 7 0j A Ui = -iM 1 I faAuiAuf, = (3.13) 



reproducing eq. (12.351) . Had we instead fibered the M-theory circle over the 4-chain 
£4 + T1714, we would have ended up with a different 5-cycle AJ whose dual 2- form cj 7 
is different from ojp. More precisely, it is easy to see that we should have [u; 7 ] = 
[up] + n [ojj], from which the relation (13. HI) follows. 
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Before closing this section, let us point out that the expression for the kinetic 
mixing (I3.6P is quite similar to the one obtained for the open string superpotential of 
a D6-brane. Indeed, following [31] we have that 

W m = ~( {Jo + ^2°) A (Jc + ^2) (3-14) 

where is a 4-chain such that dY^I = -n a — 7r°, with 7r° a reference 3-cycle. Compared to 
the D6-RR gauge kinetic mixing (I3.6p . the D6-brane superpotential (13.1 4ft is basically 
obtained from performing the replacement Ui — > T k w k . Following our above discussion, 
we then see that a D6-brane may develop a non-trivial superpotential of the form f 1 3 . 1 4 j) 
only if some of the 2-cycles pj of 7r a are non-trivial in the Calabi-Yau Ai$ and, more 
precisely, if they are non-trivial elements of H^iMe, M.). 

The similarities between Wm^ and fi a are perhaps not that surprising since, from 
the unorientifolded M = 2 perspective these two quantities are essentially the same one. 
In the same sense that ( 13. 14ft is known to be corrected by worldsheet instantons, we 
would expect that the kinetic mixing between D6-branes and RR photons is corrected 
as well. Computing such worldsheet corrections is however beyond the scope of the 
present paper. 

4 Mass mixing with RR photons 

In our description above, each RR photon arises from an RR potential whose inter- 
nal profile is an harmonic wavefunction of the compactification manifold M.$. In this 
section we would like to argue that these are not the only RR U(l)'s of interest for phe- 
nomenology. There are less obvious RR symmetries, which from the 4d viewpoint can 
be understood as massive U(l)'s Higgsed down to gauge symmetry by a Stiickelberg 
mechanism, as in [15]. In the following we would like to argue that in Calabi-Yau com- 
pactifications such RR U(l)'s appear whenever the topology allows for torsional 
p-cycles and p-forms, by simply analyzing the 4d strings and particles that are charged 
under such discrete gauge symmetries. For simplicity, we first perform such analysis 
in the absence of orientifolds of D-branes. Remarkably, we find that when we include 
D-branes into the picture a mass mixing arises between certain open string U(l)'s and 
RR torsional U(l)'s, the massless U(l) being a linear combination of the two. We also 
analyze this effect from the viewpoint of M-theory, concluding that the discrete gauge 
symmetries of a 4d vacuum can be understood in terms of the torsional (co)homology 
groups of the M-theory compactification manifold jiij. Finally, we provide an explicit 
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example of a compactification where such mass mixing occurs, and which illustrates 
different mass mixing scenarios whose phenomenology will be analyzed in section |5j 

4.1 Torsion and discrete gauge symmetries 

All along the above discussion, a key role has been played by the topology of the 
compactification manifold A4q. In particular, we have been able to derive rather general 
features of the 4d low energy effective action thanks to the fact that each object of the 
compactification corresponds to a topological class of M.q. Indeed, each massless mode 
of the closed string sector, including RR U(l)'s, corresponds to a harmonic p-form of 
M.q, and so to an element of the de Rham cohomology group H p (Ai e , M). On the other 
hand, each D6-brane wrapping a sLag 3-cycle 113 C M.§ corresponds to a non-trivial 
element of the homology group H^M.^, while the non-trivial 2-cycles of 713 may also 
be non-trivial elements of H 2 (AiQ,M.). The well-known relations between H p (Aie,M) 
and H p (Ai e ,M.), namely the integrals of closed p-forms over p-cycles, allows then to 
compute the couplings between open and closed string sectors, and from there all the 
analysis follows. 

Given this fact, one may wonder if that is all the topological information of A4q that 
is relevant for the 4d effective action. After all, a p-cycle tt p C M.q not only defines an 
element of H p (Aie,M.), but rather one of the more fundamental group H p (Aie,Z). In 
general, H p (AiQ,Z) contains more information than H p {Aie,M.), the difference being 
the torsion homology groups Tor H p (AiQ,'Z), which are generated by p-cycles of A4q 
with a Z fc structure. As discussed below, a D-brane wrapping one of these torsion cycles 
cannot be detected by an element of H p (A4q, M) and so it is invisible to the closed string 
massless spectrum. It may however be detected by the massive closed string spectrum, 
and in particular by massive sectors of the theory related to a topological class of J\4q. 
In the following, we would like to argue that this is indeed the case, and that in our 
setup the torsion groups of A4q are related to massive RR U(l)'s Higgsed down to 
gauge symmetries, as in the analysis of [T5] . 

In general, the homology group if^A^/?, Z) of a D-dimensional Kahler manifold 
Ai d consists of a free part, given by b r copies of Z, and a torsional part, given by a set 
of finite Zfc groups, 

H r (M D ,Z) = Z® ®Z ®Z fcl ®...®Zfc„ (4.1) 

Here b r = dimif r (A4o, M) stands for the r th Betti number of Aio, which also counts 
the number of harmonic r-forms of Aio- The correspondence between elements of 
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Z 6r c H r (M.£>,'L) and harmonic r-forms can be made via de Rham's and Hodge's 
theorems, and amounts to the fact that given a basis of r-cycles {7t J r } generating the 
lattice Z br , one can construct a basis of harmonic r-forms {w*} such that JV,- u l r = 5ij. 

The elements of Tor H r (Ai£>,Z) = Z^ © ... © Zfc n are much harder to describe 
via differential geometry. A generator of Z^ consist of a non-trivial r-cycle 7r* or in the 
homology of M. o, but wrapping k times 7r* or corresponds to a trivial r-cycle. Otherwise 
said, 7r' or is not the boundary of any (r + l)-chain on M.d, but we can always construct 
a chain £ r +i C A4d such that <9£ r+ i = kirl° r . This implies that the integral of any 
closed r-form u r over 7r* or vanishes identically, since J ntol . u r = k~ l J s du r = 0. As a 
result, D-branes wrapped on torsional cycles of a Calabi-Yau M.$ cannot be detected 
by the 4d massless closed string modes, since the internal wavefunctions of the latter 
are described by harmonic p- forms. In addition, D-branes wrapping torsional 2, 3 and 
4-cycles are necessarily non-BPS since their central charge, respectively measured by 
the integral of J, Q and J 2 over them, also vanishes^ 

While non-BPS, D-branes wrapping torsional p-cycles of are stable objects of 
the 4d effective theory, since they have discrete conserved charges. Let us consider 
type IIA string theory compactified on a manifold M.§ with torsional 3-cycles, and 
more precisely such that Tor Hs(A4q, Z) = Z&. The relations between torsional groups 
discussed in the next subsection imply that Tor H2(Aie, Z) = Z& as well. Hence, 
together with a A;-torsional 3-cycle 7T3° r we will always have a /c-torsional 2-cycle tt^ 
within M.§. Let us now wrap a D2-brane around ir^ 01 , seen in 4d as a massive particle, 
and a D4-brane around 7T3° r , seen in 4d as a massive string. Both 4d objects are 
non-BPS but nevertheless stable, at least mod k. That is, it is possible that k D- 
strings combine and disappear, but this can only happen in groups of k, and not for 
less than k D-strings. Note that this property has also been observed from a 4d field 
theory viewpoint in strings dubbed as Aharanov-Bohm strings in [37] and Z^ strings 
in [15], and which are associated to a U(l) gauge symmetry broken down to Z^ via 
a Stiickelberg mechanism. In fact, the main property of these strings is that certain 
particles, also stable mod k, can detect a non-trivial holonomy when circling around 
the string. As we will now show, that property is precisely reproduced by those 4d 
particles and strings that arise from wrapping D-branes on torsion cycles of Mq. 

Indeed, let us again consider a D4-brane on R 1 ' 1 x 4 or and a D2-brane wrapped on 
"7T2° r and performing a closed loop 7 C M 1 ' 3 around the 4d D-string. The phase picked 

10 This is not necessarily true for type II flux compactifications on SU(3)-structure manifolds, where 
the forms O and J are no longer necessarily closed j35ll36]. 
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up by our D-particle upon performing such loop reads 

hol(7) = exp f 2m / C 3 ) = exp [ 2ni / F 4 J (4.2) 

where F4 = <iC 3 is the RR field strength sourced by the D4-brane. In particular, we 
have that dF 4 = 5$, with 5 5 a 5-like 5-form concentrated around K. 1 ' 1 x 7T3° r and with 
components transverse to it. Finally, D C K 1 ' 3 is given by a disk such that dD = 7 
and it intersects the 4d D-string once. 

As the holonomy (I4.2p is an observable 4d quantity, it should not depend on the pre- 
cise embedding of irl° r . In particular, (14. 2 p should not vary if we perform a continuous 
deformation of the 2-cycle tt^ or if we pick a different representative tt^' within the 
homology class [k^] £ H 2 (Aie, Z). Indeed, a D2-brane wrapped on any representative 
of [vr^ 01 "] is supposed to represent the same kind of D-particle in 4d, and so the holonomy 
(14.21) for any of them should be the same. One can check this by considering another 
D2-brane wrapping tt^' and performing the same 4d loop 7. Let us denote the phase 
picked by this D-particle by hoi' (7). Since [n^'] = [^2 >T ], we can construct a 3-chain 
S 3 C M 6 such that <9£ 3 = 7r* or/ - We then have that hoi' (7) = e 2 ™hol(7), with 

n = I F 4 - / F 4 = [ 5 5 (4.3) 

JDxtt^' JDxtt^ JDxE 3 

where we have applied Stockes' theorem. It is easy to see that the rhs of H4.3[) is an 
integer, more precisely a product of signed intersections: n = ^(R 1,1 C\D) -^(Tr^flEs). 
Hence, we deduce that hoi' (7) = hol(7) as expected from four-dimensional grounds. It 
does then make sense to denote the holonomy (14. 2 p as hol(7, [7T2° r ])- 

Let us now consider the case where the D-particle above performs k times the loop 
7. Since k'j x ir^ 01 is the same integration domain as 7 x kir^ we have that 

[hol( 7 , = M*7, b^l) = hol (7, W]) = 1 (4-4) 

where we have used the fact that [/c7T2° r ] is trivial in the homology of M.§ and so, by the 
discussion above, its holonomy should be trivial. Hence, we deduce that hoi (7, t^ 01 ]) 
should be a k th root of unity, just like for the Aharanov-Bohm strings of [Toll3"T]. 
In fact, we can be more precise about hol(7, [vr); 01 *]). Notice that 

^log[hol( 7 ,[<])] "SPi/ F t = \l * = £ (4.5) 

where S 3 is a 3-chain such that <9£ 3 = kn^. Again, p e Z since it can be defined 
as the product of transverse intersections ^(IR 1 ' 1 n D) ■ i^ijr^ fl S 3 ). By construction 
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^{R^nD) = 1, while #(7r3 0r nS 3 ) is (mod 1) the exact definition of the torsion linking 
form L([7T2° r ], [7T3° r ]): a topological invariant used to classify manifolds with torsion, and 
which is the equivalent of the intersection product for non-torsional cycles [38|l39]. 

Recall that the intersection product 7([7r r ], [7TD_ r ]) = [ir r ] ■ [^D-r] is a bilinear form 
between a r and a (D — r)-cycle of A4d, which only depends on the homology class 
of each cycle. Similarly, the torsion linking form L([7r* or ], [7r^ r ._ 1 ]) is a bilinear form 
between torsional cycles of M.d that only depends on their homology classes, and 
that is symmetric for D = even. In our setup, such quantity not only computes the 
holonomy of a torsional D-particle around a torsional D-string, but also the holonomy 
of a torsional D-string around a torsional D-particle. 

Indeed, let us consider a D4-brane wrapping 7T3° r and whose 4d worldsheet sweeps 
a two-sphere S 2 C M 1 ' 3 that surrounds our torsional D-particle. Similarly to (14. 5 p we 
obtain that the holonomy for such D-string is given by 

-Llog [ho\(S 2 , [Trf])] m ^= dl \f F, = \! 5 7 m = dl L(brn K° r D (4.6) 

where B C R 1 ' 3 is a 3-ball such that OB = S 2 , S 4 C M 6 is a 4-chain with <9£ 4 = A;vr* or , 
and Fq is the RR field strength sourced by the D2-brane, so that dF 6 = 5 7 is a 5-like 
7-form on M x 7rl° T . 

To sum up we have shown that, in compactification manifolds A4q with torsional 
cycles, Aharanov-Bohm strings and particles appear in the 4d effective theory. The 
fractional holonomies that such strings and particles induce on each other is controlled 
by a topological invariant of namely the torsion linking number L([7r* or ], [7rg1 r r _ 1 ]). 
As shown in [13] , such kind of Aharanov-Bohm strings are the smoking gun for a set of 
discrete gauge symmetries in 4d field theories, which arise from a massive U(l) gauge 
symmetry higgsed down to Z^. As is easy to infer from our discussion, one should have 
a different kind of Aharanov-Bohm string for each 7*^ factor in (14.11) , and so we would 
expect to also have a massive U(l) for each of these factors. This will be our working 
assumption in the following and, as we will see, several non-trivial consequences can 
be derived from it. 

4.2 Massive RR U(l)'s from torsion 

Let us now explore the implications of having a massive U(l) for each generator of 
Tor Hs(A4q,Zj), which is where the Aharanov-Bohm D-strings were constructed from. 
Notice that our discussion above was carried in the context of type IIA string theory 
compactified on a Calabi-Yau 3-fold Mq, without the need of any orientifold projection 
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or M^-filling D6-branes. In the following we will continue to assume such class of 4d 
M = 2 compactifications, leaving the effect of the orientifold projection for the end of 
this subsection. 

If Aharanov-Bohm strings and particles arise from wrapping Dp-branes on elements 
of Tor H r (AiQ,7j), then massive U(l)'s should arise from reducing RR p-forms in 
elements of Tor H t (A4q,Z). That is, one should expand the RR potentials C p in the 



torsional analogues of the harmonic forms of section 12.31 which should moreover be 
eigenvectors of the Laplacian V 2 = dS + dJd. Constructing such torsional analogues of 
harmonic forms is quite similar to finding an appropriate basis of p-forms to perform 
dimensional reduction on S'f/(3)-structure manifolds [36 |Hm - H2j . since both problems 
deal with p-forms that are invisible to de Rham cohomology and correspond to the 
internal profile of massive 4d modes. 

From the viewpoint of de Rham cohomology H t (A4d,'R), a torsional r-form a* or 
of a manifold M. d is trivial. Given an r-form aJ: or that represents a torsional element 
[a* or ] e Tor H t {Md^) = Z^ we should have / a* or = for any r-cycle 7r r of Md, 
for the same reason that integrals of closed forms over torsional cycles vanish. Hence, 
such form can be written as 

kal or = du^ (4.7) 

with uj^f 1 a globally well-defined (r — l)-form, and k G Z such that kot 1 ™ is trivial also 
in Tor H r (M. d, Z). Since 0;*°^ is globally well-defined, we can expand an RR potential 
C p on ito Indeed, we will argue below that both a* or and uj^ 1 are related to an 



isolated set of massive modes of the compactification and so, in a spirit similar to |42j . 
we will demand that the set of representatives {0;*°^} should be closed under the action 
of the Laplacian, as in eq.f l4.18p . For concreteness, we will denote by Tor H r ~ l the set 
of non-closed forms which describe such 4d massive modes. 
Let us now relate this set of forms to the torsional cycles of a compactification. For 
this one needs to make use of Poincare duality 



H r {M D , Z) ~ H D ' r (M D , Z) (4.8) 
as well as of the universal coefficient theorem [38] 

Tor H r (M Dl Z) ~ TorH r+1 (M Dl Z) (4.9) 



11 In fact, since we are dealing with RR potentials, we should think of a' or as a gerbe. Then it is no 
longer true that is globally well-defined but exp(27ri J n i w^i) must be so for any cycle 7r r _ 1 , 

which is enough for our purposes. See Appendix [Cl for further details. 
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For a six-dimensional manifold Ai^, these two results imply that the only two finite 
groups that describe torsional classes in A4$ are 



Tor H 3 (M 6 ,Z) ~ Tor H 2 (M G ,Z) ~ Torif 4 (.M 6 ,Z) ~ Tor# 3 (.M 6 ,Z) (4.10) 

and 

Tortf^A^Z) ~ Tor H 4 (M 6 ,Z) ~ Tor# 2 (Al 6 ,Z) ~ Tor # 5 (A1 6 , Z) (4.11) 

We will be mainly interested in (I4.10p . since Tor Hs(Aie, Z) classifies Aharanov-Bohm 
(AB) strings built from D4-branes, and Tor H 2 (A4q, Z) dual 4d particles from wrapped 
D2-branes. 

Given a torsion homology group 

Torif 3 (M 6 , Z) = Z kl . . . Z fcn = Tor # 2 (A1 6 , Z) (4.12) 

then by our previous discussion we have n different kinds of 4d AB-strings and particles. 
In addition we will also have An forms in which the RR potentials C3 and C5 can be 
reduced. In order to describe (I4.12p such forms will satisfy the relations 

dul or = kjaf dfi**^ = -kP a oj tor ' a (4.13) 

where kj 1 G Z, a, (3 = 1, . . . , n is an invertible symmetric matrix, and 

[O G Tor H 3 (M 6 , Z) [w tor ' a ] G Tor H 4 (M 6 , Z) 

c^ or G Tor H 2 /3 tor ' Q G Tor iJ 3 

The numbers k a in ( I4.12p will constrain the choice of k a ^, having k a = k a a if k is 
diagonal. For a matrix k with off-diagonal entries, k a is the smallest integer such that 
^ a (^ _1 ) a /3 G Z, V/3. As discussed in appendix ICl in this formalism the torsion linking 
form is given by 

and the integrals of these forms satisfy 

a* or A f3 toI ' a = I w * or A 6u tor ' CT = 5; (4.15) 

A^6 -/.Me 

being the analogue of ( 12. 5 p for torsional cohomology. 

Clearly, this set of forms are the torsional analogues of the forms aj, Ui, u l and 
(3 1 that were introduced in section [2] in order to dimensionally reduce C3 and C5. 
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Performing the same kind of expansion in the present basis 

c 3 = j2 Re ( Na ) a * T + Aa Aujt a OT ( 4 - 16 ) 

a 

C 5 = C2 A /3 tor ' Q + V a A u toI > a (4.17) 

a 

we obtain n pairs of electric and magnetic 4d RR U(l) gauge bosons (A a , V a ), as well 
as a set of n axions Ke(N a ) and 2-forms C%- These 4d modes are massive, since they 
correspond to a massive U(l) n gauge symmetry broken down to the discrete subgroup 
(j4.12p . In particular, A a are the electric gauge bosons which couple to Zfc Q particles, 
while C2 are the 2-forms coupled to the dual AB strings. Note that w^ or and /3 tor > a are 
non-closed forms and so, unlike harmonic forms, they can have non-zero integrals over 
torsional cycles ir^ and 7T3° r , respectively. 

Since {w^ or } and {/3 tor ' a } should produce a well-defined massive 4d sector, we should 
impose that they are eigenvectors of the Laplacian of M.§ or, more generally, that they 
generate a vector space closed under the action of V 2 = dd) + d)d. That is, we require 
that 

V 2 ^ or = -M 2 Pl Mjuf x v 2 /3 tor ' Q = — M|,; M a /3 /3 tor ' /3 (4.18) 

with M and M constant matrices. Then, because [V 2 , d] = 0, we also have that 

VX or = -Mp^k^-M-fyJaf* V 2 Co toI ' a = -M£ { (Jr 1 -M-fc)V> tor,/ ' ( 4 - 19 ) 

These two mass matrices are actually related to each other, since plugging (I4.18P and 
(I4.19P into (I4.15P we obtain that M = k ■ M • k~ x . Finally, it is useful to define the 
quantities 

Lp = [ A * 6 uf , G~l = M 2 Pl I A * 6 af (4.20) 

J Ma J Ma 

which satisfy the relation 

Q~l = (AT 1 • M • / • k~ x U (4.21) 

Let us now show that all these geometric relations provide a consistent effective 
field theory, and in particular the 4d field theory Lagrangian describing discrete gauge 
symmetries put forward in [T5]. From (I4.16P and (14.131) we have 

dC 3 = [Re(dN p ) + k^ a A a ] A + dA a A c^ or (4.22) 

Plugging this expression into the C3 lOd kinetic term J .F4 A*ioi*4, and integrating over 
A4q we obtain the 4d Lagrangian density 

4° r k = - e 2 ^g-iRe(DN a ) A * 4 Re(DA /3 ) , DN 13 = dN? + k? a A a (4.23) 
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which indeed corresponds to a Stuckelberg Lagrangian for n RR massive U(l)'s, as 
in [15]. Note that the rather abstract relations described in the context of torsional 
cohomology acquire an elegant physical interpretation in the context of massive RR 
U(l)'s. In particular, we observe that relations f l4.10p ensure an equal number of 
electric and magnetic degrees of freedom, whereas eqs.f l4.13l) provide a one-to-one cor- 
respondence between massive axions and massive vector bosons. Finally, the universal 
coefficient theorem, eq. fl4.9p . sets a correspondence between charges of 4d particles and 
U(l) gauge symmetries. 

From (14.2311 one can read the mass matrix for the gauge bosons with canonically 
normalized kinetic terms, which is as expected given by Mj, ; M. The quantities Q a p 
and f a p defined in ( 14.20(1 are the torsional analogues of (12. lip and f)2.3ip . respectively. 
The mass of a RR U(l) gauge boson is thus controlled by the ratio between some 
combination of complex structure moduli and some combination of Kahler moduli, a 
rough estimation being 

ml ~ M pi (4.24) 

Volt cyclc Vol 2 . 

cycle 

where Vol3_ cyc i e and Vol2- cyc ic are the typical volumes of torsional 3- and 2-cycles, mea- 
sured in string units. In particular, for regions of the moduli space where the volume 
of the 2-cycle becomes large, the RR U(l) vector boson can become light as compared 
to massive D6-brane gauge bosons. 

While the above discussion is carried in the context of type IIA 4d M = 2 Calabi- 
Yau compactifications, one can easily adapt the above results to include the presence 
of an orientifold projection. Indeed, recall from section [2] that due to the orientifold 
parity of C3 and C5, massless RR U(l) gauge bosons are associated to a-even harmonic 
2-forms cjj and cx-odd harmonic 4-forms a)\ classified by the groups H+(A4q,M.) and 
H^_(A / ie,M). Similarly, in orientifold compactifications Z^ discrete gauge symmetries 
are classified by the torsion groups 

Tor #3- (.M 6 , Z) ~ Tor H+(M 6 , Z) ~ Tor Hi(M 6 , Z) ~ Tor^(M 6 ,Z) (4.25) 

rather than by (I4.10p . In fact, when we consider the whole set of closed string degrees of 
freedom that may give rise to a 4d massive U(l) symmetry via reduction on torsional 
p-forms, much more possibilities appear. We have summarized in Table [T] the lOd 
origin of the electric degrees of freedom of massive closed string U(l) vector bosons 
for type IIA Calabi-Yau orientifold compactifications. We also give the lOd origin of 
the particles which are charged electrically under these U(l)'s, and of the axions which 
mediate the Stuckelberg mechanism giving masses to the vector bosons. Similarly, in 
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Table [21 we present the dual magnetic degrees of freedom and 2-forms. 



U(l)elec. 


group 


charged particles 


cycle 


axions 


group 




Tot Hi 


P 


Tor Ht 


9ij 


Tor Hi 


B m a 


Tot Hi 


Fl 


Tor iff 




Tor Hi 


fi ran 
u 


Tor ff2 


D2 


Tor H+ 


Cijk 


Tor H'l 


/~i mnop 


Tor #1 


DA 


Tor #7 




Tor if! 



Table 1: Complete set of massive closed string gauge symmetries and charged states in 
weakly coupled type IIA Calabi-Yau orientifold compactifications. P denotes the gravity wave 
and -Fl the fundamental string. We present also the axions which mediate the Stiickelberg 
mechanism giving masses to the corresponding vector boson. 



U(l )mag. 


group 


charged strings 


cycle 


ci 


group 


mnopq 


Tor Hi 


KK 


Tor Hi 


KK u J jkl 


Tor Hi 


f) mnopq 


Tor Hi 


NSh 


Tor Hi 


B uu ijkl 


Tor Hi 


/"» mnop 


Tor Hi 


DA 


Tor H 3 


c^ k 


Toj7 Hi 


f~i mn 


Tor Hi 


D2 


Tor Hi 


C i 


H l + 



Table 2: Dual U(l) magnetic degrees of freedom and 2-forms mediating the Stiickelberg 
mechanism. KK denotes the Kaluza-Klein monopole. 

Needless to say, for each massive U(l) the identities ( 14. 8 p and ( 14. 9 p (or rather their 
orientifold version) insure that the degrees of freedom arising from torsional groups 
arrange into complete Af = 1 massive vector multipletsj^] The total number of massive 
closed string vector multiplets in a type IIA Calabi-Yau orientifold compactification is 
therefore 

# torsional U(l)'s = dim (2Tor Hi © Tor Hi © Tor (4.26) 

Notice that some of these U(l) symmetries may actually correspond to massive gravipho- 
tons. In that case even in the presence of the orientifold, 4d M > 2 supersymmetry is 

12 Bcside axions and gauge bosons, these multiplets contain scalars that control a Fl-term. For 
the case of vector multiplets that arise from expanding C3 as in (|4.16|) . such scalars parametrize 
massive deformations of the metric that spoil the Calabi-Yau condition. In order to write down the 
corresponding Fl-terms we need to expand f2 in elements of Tor , obtaining 

% ~ / Im (dfi) A a*™ , G Tor H\ 

9a J M 6 

which vanishes because of the Calabi-Yau condition dTl = 0. 
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approximately recovered at points near the boundary of the moduli space where these 
vector states become light. Compact ifications of this type were intensively studied for 
instance in [IUII5], and the particular example of section H~5l belongs to this class. 

From this point of view M = 2 and M = 1 CY 3 orientifold compactifications do 
not seem so different, since in order to describe M = 1 massive U(l) sectors we just 
need to perform an orientifold projection of the M = 2 spectrum. The latter turns 
out to be a naive statement, in particular for those compactifications that contain 
D-branes. Indeed, just like torsional Aharanov-Bohm D-strings, space-time filling D- 
branes wrapping torsional cycles can detect torsional U(l) symmetries. Hence, in the 
presence of such open string sectors which U(l) symmetries are massless and which 
ones are massive needs to be reconsidered, as we now proceed to describe. 

4.3 The Stiickelberg mechanism revisited 

Once that we consider type II orientifold compactifications we should also consider 
space-time filling D-branes. An obvious question is therefore whether such D-branes 
feel the presence of torsion in homology. In particular, in type IIA CY3 orientifold 
compactifications space-time filling D6-branes wrap 3-cycles of the compactification 
manifold Ai&, for which we assume a torsion group Tor H 3 of the form f)4.12p . Of 
course, if aiming for a 4d A^ = 1 compactification one would never wrap a D6-brane 
in a purely torsional 3-cycle since (for a Calabi-Yau, c.f. footnote [TO]) it would be 
automatically non-BPS. However, recall from section [2] that open string U(l) gauge 
symmetries are not associated to a particular 3-cycle, but rather to a formal sum 
of them. More precisely, we saw there that each massless open string U(l) should 
be related to a linear combination of 3-cycles ir^ which is trivial in H^Aig, R) or, 
otherwise said, the integral of any harmonic 3-form of M.§ vanishes over tt^ . But from 
our discussion above it is easy to see that this does not imply that ir^ in (I2.28P is trivial 
in the more fundamental group H 3 (Ai e , Z): [71"^] could still be a non-trivial element of 
TotH 3 (M 6i Z). 

In the following we would like to argue that if tt^ is non-trivial in torsional homology 
(more precisely if [k^] is non-trivial in Tor H^(A4q, Z)) then the corresponding open 
string U(l) will not be free of L lj3 C 2 A F couplings that mediate the Stiickelberg 
mechanism. Instead, a Stiickelberg coupling will be generated with the 2-forms C% 
in the expansion (14.171) of the RR potential C5. As a result, [tt^] should be a trivial 
3-cycle in H^M.q^'L) for an open string U(l);, to be massless. If it is only trivial 
in H^{M.q,W) but not in Tor H^(Ai & , Z) then a mass mixing term will be generated 
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with torsional RR U(l)'s, and the massless U(l) will be given by a linear combination 
UW& + E Q ^(l)a, where U(l) a are the RR U(l)'s. 

In order to argue for such class of Stiickelberg couplings let us consider a D4-brane 
wrapping a 3-cycle 7T3° r homologous to tt7 . This setup is precisely the one considered 



in section 14.11 up to the orientifold projection whose effect amounts to consider the 
torsion groups ( 14.250 instead of (j4.10|) . As these D-strings are the 4d Z fc strings of [T5] . 
their 4d worldsheet £2 contains couplings of the form 

-5>f/ Cl (4.27) 

where the 2-form is dual to the axion Re(A^ /3 ), specified by the torsion classes 
[7T3° r ^] G Tor H^(M 6 ,Z) and [Trg] E Tor H£{M 6 , Z) respectively (c.f. Tables [I] and 
[2]). The (mod fc^g) integer coefficients can be obtained from the expansion 

K) = E*3 or,/3 l ( 4 - 28 ) 

so that, in terms of the linking form L, we get 

4 = K\) = E W (4-29) 

Since a D4-string wrapped on 7T3° r can be seen as a vortex defect of the U(l)& gauge 
symmetry upon D6-brane annihilation or recombination [JS], it follows that the open 
string gauge symmetry U(l)ft has the 4d couplings 



£c£ I^CgAFt (4.30) 

P 



1,3 



where _F 2 b = c?A 6 is the field strength for the U(l)& gauge boson. Otherwise said, 
as (14.270 arises from dimensional reduction of the CS coupling J D4 C5 of a D4-brane, 
eq. (14.300 should equally arise from dimensional reduction of the coupling J D6 C 5 A F of 
a D6-brane in the same topological sector [tt^]. We provide a more direct derivation 
of this result in Appendix O 

Given the couplings (14.301) . it is clear that the Stiickelberg mechanism has to be 
reconsidered if open and closed string U(l)'s are both present. In particular, the 4d 
Lagrangian (14.230 has to be modified, since now the open string gauge bosons A a also 
couple to the massive RR axions Re (A r/3 ). Putting all pieces together we arrive to a 
full Stiickelberg Lagrangian of the form 

= I e 2 ^ [QyjReiDN 1 ) A * 4 Re(DN J ) + Q~lRe{DN a ) A * 4 Re( J DA" 3 )] 

(4.31) 

DN 1 = dN 1 + J2 a ( i N aA a DN 13 = dN? + k? a A a + £ cf N a A a 
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where I — 1, . . . , h 1 ' 2 + 1 label the RR axions of section [2J and (3 = 1,..., dim (Tor H^j 
the massive axions of this section. Finally, the index a runs over each stack of N a D6- 
branes wrapped on a sLag 3-cycle ir a and carrying a gauge group U(N a ). If any of the 
coefficients cf is non-zero (that is, if [ir a ] has a component in the torsional homology 
group Tor H^(M.§, Z)), then there is some mixing between open and closed string 
U(l)'s in the mass matrix, and massless gauge symmetries are a combination of both 
types of U(l)'s. It is easy to see that the linear combinations of RR and D6-brane 
U(l)'s which become massive due to this Stiickelberg mechanism are 

Q 1 = ^cXQ fl (4.32) 

a 

Q P = ^T^Q^ + ^cfiW (4.33) 

a a 

where Q RR is the generator of the torsional RR U(1) Q associated to [vr^]. 

The set of RR and D6-brane U(l) gauge symmetries which remain massless admits 
an elegant interpretation in terms of integer homology classes, generalizing the results 
for open string U(l) gauge symmetries of section I2T21 We have just argued that to each 
RR U(l) generator entering in ( I4.33P we can associate a torsional 2-cycle class [^2™], 
as well as a dual torsional 3-cycle class k a 1 [Tr^ I ' J ]. Hence, each linear combination of 
D6-brane and torsional RR U(l) generators is mapped to an element of H% (M.§,7j) 

a a a a, 7 

for n a , ^2, a n a k a 1 G Z. Extending the reasoning of section [2~2l to this case, we observe 
that massless combinations of RR and D6-brane U(l) gauge symmetries correspond to 
linear combinations for which [kq] is trivial in the integer homology of A4q 

E -ir(M - [<]) + E^^[ 7r 3 or * 7 ] = ( 4 - 35 ) 

a a, 7 

We can illustrate this expression with a simple toy model. For that, consider the case 
of two D6-branes wrapping 3-cycles 7r a and ir^. As we discussed in section I2.2[ if n a 
and Tib are in the same homology class, [7r a ] = [7T&] (and [7r* b ] 7^ [^fe]), the linear 
combination U(l) a — U(l)b remains in the massless spectrum, whereas the orthogonal 
combination, U(l) a +U(l)b, acquires a mass by means of the Stiickelberg mechanism. 
We can now consider a slightly different situation on which the two 3-cycles wrapped 
by the D6-branes differ by a <r-odd torsional 3-cycle, [iVf,] — [7r a ] = [vr3° r ]. According to 
eq.f l4.33p . some of the axions which couple to the branes a and b by means of Stiickelberg 
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couplings, couple also to the RR U(l) gauge boson. The linear combination which 
remains massless in this case is 2[U(1) — U(1)&]+U(1)rr, whereas the two orthogonal 
combinations, U(l) a — U(l)&— 4U(1)rr and U(l) a +U(l)&, are massive. 

4.4 M-theory and discrete gauge symmetries 

We have seen in section 12.41 that massless D6-brane and RR U(l) gauge symme- 
tries share a common origin in M-theory compactified on a G 2 manifold A4 7 , namely, 
they both come from dimensional reduction of the M-theory 3-form in elements of 
if 2 (A^7,M). From that perspective, it is not surprising that D6-brane and RR U(l) 
gauge symmetries appear in eq. fl4.35p on the same footing. Indeed, one may easily 
show that massive D6-brane and RR U(l) gauge symmetries also have a common lift 
to M-theory. For that, one has to consider the more fundamental group H 2 (A4 7 , Z), in- 
stead of H 2 (M.7, R). Electrically charged 4d particles arise from M2-branes wrapping 
/^-torsional 2-cycles Ti^a Tor H 2 (Ai 7 ,I*) whereas 4d Aharanov-Bohm strings are 
M5-branes wrapping dual /c a -torsional 4-cycles T^ r ' a E Tor H^(J\/l 7 , Z) (recall that for 
a 7d manifold Tor H 2 (Ai 7 , Z) ~ Tor H^(M. 7 , Z)). The linking form in AA 7 then relates 
the classes [vr^a] an d [^4° r ' Q ] unambiguously. Hence, following a similar reasoning that 
the one in section H~Tj it is natural to associate to each element of Tor H 2 (A4 7 ,7j) a 
4d U(l) gauge symmetry broken down to a Zfc a subgroup. In the perturbative type 
IIA Calabi-Yau orientifold limit ( I2.33p . these U(l)'s reduce to the massive D6-brane 
and RR U(l) gauge symmetries discussed in the previous section. The general picture 
described in [15] (see also [47]) for 4d quantum theories of gravity is therefore realized 
in M-theory through torsion. 

Following our discussion in section I4.2[ we can introduce a set of torsional forms, 
4^ E Tor H 3 (M 7 , Z) and tu} 01 E Tb? H 2 (M 7 , Z), such that 

kj<f>f = dwf (4.36) 

with koP E Z. These are the torsional analogues of the harmonic forms <pi and w a that 
we made use of to dimensionally reduce the M-theory 3-form A 3 . Performing the same 
kind of expansion in this basis we get 

dA 3 = (Re{dM a ) + k a p A^ A + dA? A ^ or (4.37) 

and therefore the 4d effective Lagrangian contains Stuckelberg couplings which arise 
from dimensional reduction of the lid A 3 kinetic term (see also [H]). In the perturba- 
tive type IIA limit ( I2.33p . the M-theory Stuckelberg mechanism reduces to eq.f l4.31j) . 
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The fact that massive D6-brane and RR U(l)'s are both related to torsional 2-cycles 
of the G2 manifold in M-theory has some interesting consequences. Indeed, consider a 
type IIA orientifold compactification on a given CY 3 M.§. There are typically many 
possible consistent configurations of D6-branes which cancel the global charge of the 
06-planes. All of them are connected through brane recombination processes. The 
number of massless and massive D6-brane U(l)'s depends on the particular configura- 
tion of D6-branes at angles. Thus, according to the above discussion there should be a 
family of G2 manifolds associated to the above compactification, where each manifold 
corresponds to a different configuration of D6-branes in A^6- We can build such a 
family starting from the case on which all D6-branes are parallel to the O-planes. Let 
Xij be the corresponding G2 manifold, with Betti numbers (62,^3)- Different config- 
urations of D6-branes at angles can be then obtained by fibering the (co) homology of 
A^y accordingly to (I4.36p . The new G2 manifolds constructed in this way have Betti 
numbers (62 — n,bs — n), with n = rank(/c), and n more torsional 2-cycles than jCi? 
has. The matrix k obviously cannot be arbitrary and, in particular, it has to satisfy 
global consistency conditions such as compactness of the resulting G2 manifold. 

It is also enlightening to consider in this context the open/closed string dualities 
that were introduced in section 12.41 and which result from different perturbative type 
IIA limits of the G2 manifold. We saw there that massless D6-brane and RR U(l) 
gauge symmetries can be exchanged under these dualities, due to different splits (I2.36P 
of H 2 (A4.7, M). This statement obviously still holds true for the more fundamental group 
i?2(A^7,Z). Massive D6-brane and torsional RR U(l) gauge symmetries are therefore 
also exchanged under open/closed string dualities. In particular, different configura- 
tions of D6-branes at angles within the same type IIA CY 3 orientifold are mapped to 
families of type IIA CY 3 orientifolds, which result from twisting the (co) homology of 
a torsion-free Calabi-Yau as 

k : H 2 (M 6 ,R)+ H 3 (M 6 ,R)+ , such that du i = k/a I (4.38) 

in the same spirit than |49j . 

In section 16711 we discuss yet another consequence of massive D6-brane U(l)'s being 
lifted to torsional homology in M-theory, namely that D6-brane Freed- Witten anoma- 
lies in type IIA CY3 orientifolds [35 | l50 | l5T] correspond to 4-form backgrounds in M- 
theory whose cohomology class [G4] is torsion. 
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4.5 An explicit example 

There are many examples of Calabi-Yau orientifold compactifications which have RR 
U(l) gauge symmetries in their 4d spectrum. Simplest models include toroidal orbifold 
compactifications, see e.g., [52TI55] . In this section we consider a type IIA orientifold 
of the Enriques Calabi-Yau [56|I57]. The large amount of symmetry of this manifold 
allows to perform very explicit computations, whereas its moduli space is rich enough 
to contain massless and massive RR U(l)'s and D6-branes at angles. Thus, it is an 
appealing setup where to illustrate some of the above ideas on mass mixing with RR 
photons explicitly. 

We can think of the Enriques Calabi-Yau as the smooth manifold which results 
from blowing-up the singularities of a (T 2 x K3)/g\ orbifold, where g\ reverses the 
coordinates of T 2 and acts on the K3 lattice as [57], 

h\k 3, R) = -r Es © -r Ea © r M © r ltl © r Xjl 

I 

H 2 (K3/ gi ,R) = -T E8 ®T hl 

At the T 4 /Z 2 orbifold point of K3, the Enriques Calabi-Yau therefore becomes a 
T 6 / (Z2 x Z2) freely-acting orbifold with generators 

9l : (z\ z 2 , z 3 ) -> {-z\ -z 2 , z 3 + nR 3 ) (4.39) 

g 2 : (z 1 , z 2 , z 3 ) (-z 1 , z 2 + nR 2 , -z 3 ) 

g 3 : (z\ z 2 , z 3 ) -)• (z\ -z 2 + nR 2 , -z 3 - nR 3 ) 

where z % = dx % + r i dx' l+3 , i = 1, 2, 3, are the three complex coordinates of T 2 xT 2 xT 2 . 
For simplicity, we work at this orbifold point of the moduli space and, moreover, we 
set 27i R4 = 1. Generalization to arbitrary radii is straightforward. 

The integer homology of the Enriques Calabi-Yau was first computed in [58] by 
means of the Hochschild-Serre spectral sequence. We have summarized the result in 
Table El Different elements are identified as follows. The free part of the homology 
is given by eleven 2-cycles (and their dual 4-cycles) and twenty-four 3-cycles. In the 
T 6 / (Z2 x Z2) limit of the Enriques Calabi-Yau, these correspond to the canonical three 
2-cycles and eight 3-cycles of the covering space, T 2 x T 2 x T 2 , plus eight exceptional 
2-cycles and sixteen exceptional 3-cycles attached to the fixed points of f )4.39p . Apart 
from these, there are three torsional 1-cycles and one torsional 2-cycle (plus their dual 
torsional 4-cycles and 3-cycle, c.f. eq. fl4.10p ). 

In order to gain more intuition on the torsional part of the homology, we can look 
at the explicit loci of the torsional cycles. For that, we take oriented segments in the 
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(Z 2 ) 3 


(Z) 11 © z 2 


(Z) 24 © z 2 


(Z) 11 © (Z 2 ) 3 





Z 



Table 3: Integer homology of the Enriques Calabi-Yau. 



covering T 2 x T 2 x T 2 and draw their images under the orbifold generators, eq. (14.391) . 
We identify 

1 
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x 4 e 



x 2 e 



l 

°-2 



x 4 , x 5 , x 6 G 4 0, - > 
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(4.40) 



oA x\x 5 ,x 6 g{o,1}, x 2 = x 3 = 1u^ 
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as the loci of the three torsional 1-cycles, and 
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(4.41) 



as the locus of the torsional 2-cycle. For latter purposes we also give the locus of the 
torsional 3-cycle, obtained by means of the same procedure, 



7T 



x 2 G 
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x 5 ,x 6 G <! 



' 2 

(442) 

We now consider a type IIA orientifold of the above T 6 /(Z 2 x Z 2 ) orbifold, where 
the orientifold involution a reverses the coordinates x 4 , x 5 and x 6 of T 6 . 06-planes 
wrap the 3-cycles, 



Ao 
Ai 



12 3 

x , x , x G 



x^x^x 6 G 



2 i 



0,~ ) , x 4 ,x 5 ,x 6 G <! 0,^ 



1 

o, - 

' 2 



1 

'2 



2 3 1 s 4 r 1 

x 2 = X s = - U -, x G s 0, — 
4 4 | 2 



(4.43) 



The reader may easily check that rf° r , rf™ and p tov are even under a, whereas ?7 2 or is 
odd. Hence, according to the results of previous subsections (c.f. Tabled]), there are 
6 massive closed string vector bosons arising from the torsional part of the homology. 
Four of these come from dimensional reduction of the metric on r]\ or , the NSNS 2- form 
on ?? 2 or , the RR 3-form on 7r tor and the RR 5-form on the torsional 4-cycle dual to r)\ or . 
There is a U(l) 2 xU(l)|. gauge symmetry spontaneously broken to (Z 2 ) 4 . These states 
are identified with the graviphoton and the 3 gauge bosons in the S — T — U vector 
multiplets of M = 2 orientifold compactifications on T 2 x K3. The fact that they appear 
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in the 4d spectrum is understood by noting that part of the supersymmetry is only 
spontaneously broken in the Enriques CY |57j . At large volumes of the first 2-torus, 
Im(T 1 ) >> 1, these vector multiplets become light and 4d M = 2 supersymmetry is 
approximately recovered. In addition, there are 2 extra massive vector bosons coming 
from dimensionally reducing the metric on 77| or and the RR 5-forms on the dual torsional 
4- cycle. 

Let us now focus on the massive RR photon associated to 7r tor , which we have 
identified as a massive graviphoton. Its mass is acquired by combining with a complex 
structure axion, namely the one which results from expanding C3 on the exact 3-form 
related to p tor by eq. fl4.25p . Hence, D6-brane U(l) gauge bosons which couple to the 
same complex structure axion will develop a non-trivial mixing with the RR photon 
via the Stiickelberg mechanism, as described in subsection 14.31 

Supersymmetric D6-branes wrap calibrated 3-cycles. Geometrically we can distin- 
guish two different cases: bulk D6-branes wrapping 3-cycles in the covering space, and 
fractional D6-branes, wrapping 3-cycles which only close in the quotient space. Bulk 
D6-branes have three massless chiral multiplets transforming in the adjoint representa- 
tion and therefore can move freely in the T 6 . Fractional D6-branes, on the other hand, 
are stuck at fixed points of one or more generators in eq. fl4.39p . Whereas a precise 
determination would require a detailed CFT computation which is beyond the scope 
of this work, we assume that the gauge group of fractional D6-branes is U(iV). 

In what follows we present three different configurations of D6-branes which lead 
to qualitatively different scenarios of mixing between RR and D6-brane U(l) gauge 
symmetries: 

- Two stacks of bulk branes in the same homology class. Consider for instance two 
bulk D6-branes with same wrapping numbers on T 2 x T 2 x T 2 , 



According to our previous discussion, since the D6-branes wrap 3-cycles in the same ho- 
mology class, [n a ] = [7r b ], they do not couple to the axion which gives mass to U(1)rr. 
The linear combination U(1)g 1 = -^(U(l) a +U(l)b) becomes massive by combining 
with one of the complex structure moduli of the covering T 2 x T 2 x T 2 and the uni- 
versal axion, whereas the orthogonal combination, U(l)y = ^=(U(1) — U(l)&), remains 
massless. The corresponding gauge kinetic functions for the mass eigenstates read 



7T, 



a, 7T& 



(1, 0) <S> (n 2 , m 2 ) <g> (n 3 , -m 3 ) 



(4.44) 



fYY — fdG 
fc 2 G2 = 



i(n 2 n 3 N° + m 2 m 3 N 1 ) 



(4.45) 



1 
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where U(1) G2 =U(1)rr. In particular there is no kinetic mixing between massless and 
massive linear combinations of U(l)'s. 



- Two stacks of fractional branes which differ by 7r tor . Consider now the D6-branes 
a and b to be fractional, so that generically [7r ] ^ [ttj,]. We take them to coincide in 
the second and third 2-tori, whereas they are located at different fixed points in the 
first T 2 . For simplicity we take them to wrap the 3-cycles 



so that the bulk component of the branes is along the direction (1, 0) (g) (1, 0) £g> (1, 0). It 
is possible to check that the 4-chain which connects ir a and 7Tf, has also 7r tor as part of the 
boundary, and therefore [715] — [7r ] = [7r tor ]. The massless combination of U(l) gauge 
symmetries is U(l)y = 4=(2U(l) a — 2U(1)(,+U(1)rr), whereas the two orthogonal 



combinations, U(l) Gl = 4-(U(l) a +U(l) b ) and U(l) Ga = -4(U(l) a -U(l)„ - 4U(1) RR ), 



develop Stiickelberg couplings. Thus, in this case the massless photon is a linear 
combination of D6-brane and RR U(l) gauge bosons. The corresponding gauge kinetic 
functions are 



and there is non-trivial kinetic mixing between the massless photon and one of the 
massive combinations of U(l)'s. 

Had we instead taken two D6-branes per stack, we would have recovered the case of 
various bulk branes in the same homology class, [2^] — [2n a ] = [27r tor ] = 0. More gener- 
ically, we can consider fractional D6-branes of the above type whose bulk component 
is given by eq.f l4.44p . In that case we may argue that for n 2 and n 3 arbitrary integers 
but m 2 = m 3 = 0, one has [ttj,] — [7r ] = n 2 n 3 [7r tor ] which is homologically non-trivial 
whenever n 2 n 3 is an odd integer. Similar arguments show that for n 2 = n 3 = and 
m 2 = m 3 = 1 the 3-cycles ir a and 7Tb instead differ by some exceptional 3-cycle. Hence, 
we conclude that if the ratios m 2 /n 2 and m 3 /n 3 are even integers and n 2 n 3 is odd, then 




(4.46) 



(4.47) 



fry = -^(T 1 + 8N°) , f GlGl =N\ / GaG2 = -^(ST 1 + iV 1 



(4.48) 




M - [TTj = [7T tor ]. 
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Figure 1: Configuration of 4 fractional D6-branes leading to two mutually hidden 
sectors which communicate via RR photons. 

- Two mutually hidden brane sectors which communicate via RR photons. Finally 
we can consider two copies of the previous configuration of fractional D6-branes. We 
locate each pair of branes, {a\, b\} and {a2, 62}, at different fixed points in the second 
and/or third 2-torus. An explicit example is depicted in Figure [TJ The above pairs 
are completely isolated from each other, since they carry different twisted charge (as 
they wrap different exceptional 3-cycles). They couple however to the same RR U(l) 
gauge boson, since they carry the same torsional charge. Thus, the two pairs {01,61} 
and {ci2, 62} communicate only via the RR photon. The two massless combinations of 
U(l) gauge bosons are, 

U(l) n = 4(2^(l)a fc - 2U(l) h + U(1) RR ) , k = 1, 2 (4.49) 

whereas massive U(l) symmetries are, 

U(l)a h = 4=(tf(lk + U(l) bk ) , fc = l,2 (4.50) 

U(l) Gs = -±={U(l) ai - U(l) bl + U(l) a2 - U(l) b2 - 4C/(1) RR ) 



The reader may easily check that there is kinetic mixing between the massless U(l)y k 
gauge bosons and the massive U(l)a 3 boson 

f YlGs = --^=(9/i - h ~ 8T 1 ) , f Y2G3 = --A=(9/ 2 -fx- 8T l ) (4.51) 



with f k = f ak — f bk , k — 1,2 the gauge kinetic functions of the D6-branes {a^,^}, 
whose explicit expression we omit for briefness. Moreover, the two massless U(l) gauge 
bosons also mix through the following component of the gauge kinetic function, 

/nv, = —(S^-Vi -V2) (4-52) 
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Hence, in this toy example the presence of a massive RR U(l) gauge boson induces 
kinetic mixing between the two D6-brane sectors {a±, bi} and {02, 62}; which otherwise 
would be completely hidden from each other at low energies. 



5 Some phenomenological implications 

We have seen in the previous section that under certain conditions (namely, in the 
presence of torsional cycles) there may appear mass mixing between RR and D-brane 
U(l) gauge symmetries. In particular, massless eigenstates may be linear combinations 
of D-brane and RR gauge bosons. It is natural to ask whether such a mixing may have 
some effect of phenomenological interest. At first sight it seems that no effect should 
appear at all since there are no perturbative light fields which could couple to the RR 
U(l)'s. Hence, if the SM hypercharge contained some RR contamination we would be 
unable to tell it. There are however situations in which this mass mixing may turn 
out to be phenomenologically interesting. For instance, the rigid D6-brane configura- 
tions presented at the end of last section are explicit realizations of the U(l) mediation 
mechanism proposed in [2ll3j (see also [5]). Moreover, in section [3] we described kinetic 
mixing between RR and D-brane U(l)'s and in the previous section we have also seen 
another mechanism for the generation of kinetic mixing between visible and hidden 
sector massless U(l)'s. These sources of kinetic mixing have potential phenomenologi- 
cal applications to the mixing of the hypercharge U(l)y (and hence the photon) with 
hidden U(l)'s, as studied e.g. in refs. [T|l&l-[8|l59] . 

In this section we discuss yet another interesting effect of RR U(l) gauge bosons, 
this time in the context of SU(5) unification within type IIB orientifolds (or their 
F-theory extension). In these constructions the SU(5) degrees of freedom live on a 
7-brane which wraps a 4-cycle S, whereas matter fields are localized at the intersection 
with other U(l) 7-branes (leading to matter curves in the F-theory language). In some 
of these constructions the SU(5) symmetry is broken down to the SM one by turning 
on a non-zero flux along the hypercharge generator, Fy 7^ 0. Generically such fluxes 
give rise to Stiickelberg masses for the hypercharge gauge boson, through the couplings 




(5.1) 



with 




(5.2) 
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where p Y denotes the Poincare dual of F Y in S. This is unacceptable since U(l)y 
disappears from the massless spectrum. One way to solve this problem is to assume 
that p Y is trivial in the homology of the full Calabi-Yau, although non-trivial in S |60j . 



In this case the dangerous C\ A F Y coupling disappears and the problem goes away. 
This is the standard solution within F-theory model building [l3j[TJ] . 

In view of our results in the previous section (or rather their type IIB version dis- 
cussed in Appendix |B]) , there is however a particularly compelling alternative. Indeed, 
let us assume that there is a RR U(l) gauge boson Vrr which results from the expan- 
sion of the RR 4-form in torsional forms, C 4 = A RR A a tOT + Vrr A /3 tor + . . .. The 
gauge boson is massive and the U(1)rr symmetry is spontaneously broken to a dis- 
crete Zfc RR gauge symmetry due to a Ci A dV RR Stiickelberg coupling, as may be seen 
from eq. flB.12|) . If the hypercharge flux is also along the associated torsional cycle, 
F 2 y = Fyu tor , then the same 4d 2-form C2 couples both to U(1)rr and U(l)y and 
there is a Stiickelberg mass term of the form 

1 / 5k \ 2 

C D -- (Re(dT) + k RR A RR + -^Ay] (5.3) 

where Re(T) is the 4d axion dual of C2 and we have included the SU(5) normalization 
factor for the hypercharge. In terms of gauge bosons A RR = A RR /g RR and A Y = 
Ay I gy with canonical kinetic terms, there is a massless (Ai) and a massive (Ax) 
linear combination of U(l) gauge symmetries 

A 1 =cos(6)A Y - sm(6)A RR ; A x = sm(6)A Y + cos(fl)i R R (5.4) 

where 

sin(0) = 2 9 f Y . (5.5) 

V 9 RR k RR + 9yk Y 

Explicit expressions for the gauge coupling constants g RR and g Y can be obtained from 
the gauge kinetic functions (1B.7|) and (1B.3|) respectively. Note that for g\ -C g RR 
the massless eigenstate mostly corresponds to the brane hypercharge U(l)y genera- 
tor, whereas in the opposite case it is the U(1)rr factor the dominant component. 
The massless boson, A\, couples to the D7-brane matter fields with coupling constant 
g Y cos(9). The inverse fine structure constant a\ of the massless U(l) is therefore given 
by 

1 3 , v 

— = i— + T2 ( 5 - 6 ) 

with a RR = g RR /4ir and a G the SU(5) fine structure constant. This implies the 
existence of a correction to the standard unification of hypercharge given by the last 
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Figure 2: Two-loop running of the MSSM gauge coupling constants in the region around 
10 16 GeV [62]. The shaded region represents the uncertainty in the measurement of 
the QCD gauge coupling constant. 

term in this expression. Since the SU (5) unification boundary conditions work quite 
well, with a precision of a few percent, this correction should not be much larger than 
~ 0(1). This implies that 

k 2 

fc RR 

This solution to the Stiickelberg mass problem of the hypercharge flux can actually 
be though as a different avatar of a similar idea proposed for heterotic compactifications 
in Ref. [61]. In that case the extra U(l) gauge symmetry was coming from the second 
Eg factor of the E$ x Eg heterotic gauge group. A strong coupling regime for this 
second E 8 was assumed. In our case, however, the structure is simpler since the extra 
U(l) is a RR field with no perturbative couplings to any massless field and assuming 
that the U(l) is strongly coupled is rather natural. 

The above correction could in fact be of phenomenological interest to describe a 
known small discrepancy in gauge coupling unification. Figure [2] shows the two-loop 
running of the MSSM gauge couplings in the region around 10 16 GeV adapted from |62j . 
The fact that there is not exact unification may be interpreted by saying that the line 
l/«i is one unit higher than it should. This is precisely the kind of correction provided 

by eq.f^M for «RR ~ k y/ k RR- 

Of course this should be taken with some care since additional threshold effects may 
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be also present, leading to extra contributions to the gauge couplings. In particular, 
additional corrections may come from the F2 A F2 term in eq. (lB.3j) . For the MSSM 
gauge kinetic functions these corrections read [63H65] 



fsu(3) = T - l -r I F a A F a (5.8) 
J s 

fsu(2) = T- l -r I (F a AF a + F Y AF Y + 2F a AF Y ) 
J s 

§Mi) = T-^t Jh a AF a + ^(FyAF Y + 2F a AFyyj . 

where r is the complex dilaton and F a are fluxes along the U(l) contained in the U(5) 

gauge group of the D7-branes (see [M])- These corrections by themselves would imply 

an ordering of the size of the fine structure constants at the string scale given by 

111 , , 

— < — < — . (5.9) 

«3 «! «2 

As remarked in [M] , this ordering seems incompatible with that appearing in the unifi- 
cation region (see Figure [2]), so that it was suggested in [61] that threshold corrections 
from the Higgs triplets in SU(5) combined with those from eq. fl5.8p could adjust the 
results for the couplings. In our scheme such Higgs triplet threshold corrections would 
be unnecessary. 



6 Adding background fluxes 

Closed string background fluxes are a prominent mechanism for generating non-trivial 
scalar potentials for the moduli of the compactification (66]. In type IIA orientifold 
compactifications, solutions to the equations of motion in presence of non-vanishing 
RR flux require the internal space to be a half-flat manifold [HZ], instead of Calabi- 
Yau. Alternatively, it is possible to keep the Calabi-Yau condition for the internal 
manifold 13 ! if NSNS 3-form fluxes and a non-zero VEV for the Romans parameter are 
also considered |68j . 

Having M = 1 supersymmetry in 4d requires the compactification to preserve an 
SU(3) structure [SHIED]- The latter can be still completely characterized in terms of an 
SU(3) invariant non-degenerate 2-form J and a holomorphic 3-form Q but, in contrast 
to the SU(3) holonomy case, these are not necessarily closed forms, dJ 7^ 0, dQ 7^ 0. 
In particular, for half-flat manifolds dJ and dQ satisfy the conditions, 

JAdJ = 0, lm(dft) = (6.1) 



13 



Neglecting backreaction of the fluxes and localized sources. 
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Hence, families of half-flat orientifolds can be built by twisting the a-odd cohomology 
of a Calabi-Yau orientifold as 



/ : H 2 (M e ,R)- -> H 3 (M 6 ,R) 



such that dui = fij/3 1 



(6.2) 



generalizing the construction that we presented at the end of section 14.41 In the follow- 
ing we discuss two main features that appear in this type of SU(3)-structure manifolds: 
the appearance of F-terms and their interplay with D-terms and the fact that D-brane 
gauge kinetic functions may depend on open string moduli. 

6.1 F-terms and Freed- Witten anomalies 

The equations of motion for a type IIA SU(3) structure orientifold compactification 
with fluxes can be conveniently expressed (in the limit of diluted RR fluxes) as the 
vanishing of the F-terms of the following 4d effective superpotential [23|[7T]. 



Here Frr denotes the formal sum of RR field-strengths, Frr = F + F 2 + F 4 + F$, 
whereas H^s is the NSNS 3-form. Note that this superpotential may a priori depend on 
all moduli of the compactification. In particular the vev's of Kahler moduli governing 
the gauge kinetic function of RR U(l) gauge symmetries (and therefore their mass, for 
massive RR U(l)'s) can be fixed in this wayj^ 

We have summarized in Table 0] the higher dimensional origin of 4d F-terms and 
D-terms in general type IIA SU(3) structure orientifold compactifications. We have 
seen already that, neglecting torsional 1-cycles, D-terms in the 4d theory are asso- 
ciated to massive RR U(l) vector multiplets coming from a-even torsional 2-cycles 
(Tor H 2 {-Ms-, Z)) and to massive D6-brane U(l) vector multiplets. All of these have a 
common origin in the torsional 2-cycles of the G 2 manifold in M-theory (Tor H 2 (A47, Z)). 
Similarly, from eq. fl6.3p we observe that F-terms are associated to background fluxes 
of the NSNS and RR forms of type IIA supergravity and to a-odd torsional 2-cycles 
(Tor H^iAis, Z)). These have an M-theory origin on background fluxes of the M- 
theory 4-form and the torsional 3-cycles of the G 2 manifold (Tor Hs(Xi7, Z)) encoded 
in the non-closure of the G 2 invariant 3-form, d$ 3 ^ 0. 

14 Apart from superpotential (|6.3|) . the torsion in eq. (|6.2p induces also a superpotential in the world- 
volume of D6-branes for the open-string moduli (c.f. eq. (|3.14[l ) |35j . Thus, the amount of kinetic 
mixing between RR and D6-brane U(l) symmetries can be also stabilized in half-flat orientifold com- 
pactifications. 




(6.3) 
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F-terms 


D-terms 


type IIA 


F RR , H NS , Tor H£ ~ Tor H+ 


Tor H2 — Tor H% , D6-branes 


M-theory 


G 4 , Tor H 3 


Tor H 2 ~ Tor H 4 



Table 4: Higher dimensional origin of F-terms and D-terms of the 4d effective theory 
in a general type IIA SU(3) structure orientifold compactification. G4 denotes the 
M-theory 4-form field-strength. We have not considered torsional 1-cycles. 

The interplay between F-terms and D-terms in the 4d effective theory is subtle. 
Shift symmetries of axions which participate in some Stiickelberg mechanism should 
not be spoiled by quadratic or higher order couplings induced by superpotential (16.31) . 
As it was shown in [50], for massive D6-brane U(l) gauge symmetries this leads to a 
set of constraints which turn out to be equivalent to the cancelation of Freed- Witten 
(FW) anomalies [72TT74] in the worldvolume of D6-branes. Indeed, from eq. (12.21j) we 
observe that the RR 3-form transforms under a D6-brane U(l) a gauge transformation 
as, 

A a ^A a + d X 5 a C 3 = -c{N a a lX (6.4) 

Requiring this to be a symmetry of the superpotential (16.31) leads to the generalized 
FW condition [SUED], 

5 a W = I (H NS + id,J) = VJ (6.5) 

Moreover, it was noticed in [73] that this condition can be relaxed if D4-branes stretch- 
ing between D6-branes and their orientifold images are also present in the compactifi- 
cation. 

In the context of the more general Stiickelberg Lagrangian (14.31 j) . we have seen that 
C3 can also transform under RR U(l) gauge transformations, 

A a -»• A a + d X => S a C 3 = -kjafx (6.6) 

Following the same reasoning than before, we obtain the following additional consis- 
tency condition, 

S a W = => [ (H NS + idJ) = VJ (6.7) 

/ tor, a 

Jtt 3 

for any tt^' 01 G Tor H 3 (A^,^)- Let us look in more detail to this condition. First of 
all, it requires that the net H^s A ux threading any cx-odd torsional 3-cycle vanishes. If 
there were a non-zero flux of JTats, then dH^s 7^ 0, and the Bianchi identity for iJjvs 



12 



would not be satisfied. By this argument we therefore also expect that ( 16. 7p can be 
relaxed in the presence of NS5-branes wrapping dual torsional 2-cycles belonging to 
Tor H+(M 6 ,Z). 

Similarly, the constraint (16. 7p for dJ admits also a natural interpretation. We can 
express it equivalently as, 

Tor H 3 4M 6 ,Z) DTbr H'i(M 6 ,Z) = (6.8) 

which, from the point of view of bijections ( I4.38P and ( 16. 2p . simply accounts for the 
nilpotency of the exterior derivative, d 2 = =r- fijk/ = [4"9] . 

The conditions ( 16. 5p and (16 .7p can be discussed in a unified way from the point of 
view of their M-theory lift. Indeed, they both reduce to the M-theory constraint 

/ (G 4 + d® 3 ) = V$ 3 (6.9) 

/ tor, a 

for every ir 1 ™' 01 G Tor H^ y }A. ll r £). This condition could have been directly derived by 
requiring the M-theory superpotential [75] to be invariant under U(l) gauge transfor- 
mations of massive torsional U(l) symmetries. By similar arguments, eq. ()6.9p can be 
relaxed if M5-branes wrapping dual torsional 2-cycles in Tor Hi{M.i, ^) are present. 

6.2 Adjoint-dependent gauge kinetic functions 

We have seen in section [3] that the kinetic mixing f ia between open and closed string 
U(l)'s is a non-trivial holomorphic function of the open string moduli $^ that describe 
the embedding of the D6-brane 3-cycle ir a . The only requirement for this to be the 
case is that the 2-cycle pj C ir a associated to is a non-trivial element of H^iAie, R). 
The D6-brane gauge kinetic function f a has on the other hand a constant value all over 
the open string moduli space, simply because 

f a = [ n c = f (C 3 + ze 4A -^Re(fi)) (6.10) 

and for CY 3 orientifolds dQ c = 0, at least in the constant warp factor limit dA = 0. 

For flux compactifications on half-flat manifolds, however, this does no longer need 
to be true, since in general Re dQ ^ 0. Indeed, let us consider type IIA compactifica- 
tions to 4d M = 1 Minkowski vacua. Supersymmetry imposes the following conditions 
on the background [75] 

d(3A-(/) W ) = H NS + idJ = F = F A = F 6 = (6.11) 
d(e 2A -^ 10 Imfi) = d(e 4A -* 10 Refi) = -e iA * 6 F 2 (6.12) 
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where F 2 = dC\ is the RR 2-form field strength (not to be confused with the D6-brane 
gauge field strength Fg). Even if Imf2 c is non-closed, for a D6-brane wrapped on a 
sLag 3-cycle n a eq. fl2.14p is still true. Hence, we see that f a depends on the particular 
embedding of ir a , and therefore on the open string moduli Part of this dependence 
is due to the fact that the warp factor is non-constant, and it arises even in the absence 
of any twist (16. 2p . by simply taking into account the backreaction of the D6-branes. 
We will not be interested in this warp factor dependence of f a , which following [77] 
can be interpreted as a threshold correction to the gauge kinetic function, but rather 
on a $-moduli dependence that remains even in the limit of constant warp factor. 

Indeed, in the limit of constant warp factor we have that F 2 is a primitive (l,l)-form, 
and so 

d( e iA -^°ReQ) = e 4A J A F 2 (6.13) 

On the other hand, the Chern-Simons part of the D6-brane action contains a coupling 
of the form 

Scs = \! F^AF? f J^AC a (6.14) 



2 



1,3 



Combining both terms and taking a Lie derivative of the DBI + CS actions we obtain 
that the gauge kinetic function depends on the open string moduli as 

fa = fa\ H=0 ~ 'V^i • ... (6.15) 

where 

7* = / F 2 AQ = I F 2 (6.16) 

Hence, if the pull-back of the RR field strength F 2 is topologically non-trivial over a 
2-cycle pj within a D6-brane 3-cycle ir a , then the gauge kinetic function f a will depend 
non-trivially on the corresponding open string modulus 

This result is quite similar to the one obtained for the kinetic mixing, eq.( l3.3p . 
Indeed, if we compare f 16 . 1 5 j) with the expression for the kinetic mixing ( 13. 3p . we just 
need to replace Ui — > F 2 . The 2-form F 2 is however quite different from Wj. Indeed, 
from eqs.f l6.ll]) and (I6.12p we observe that F 2 is a non-closed <r-odd primitive (1,1)- 
form. Moreover, as shown in [35], [dF 2 ]/N is Poincare dual to some torsional 3-cycle 
[Ap] wrapped by some 06-plane, a fact that relaxes the RR tadpole conditions and 
allows certain D6-branes to be BPS while wrapping purely torsional 3-cycles. Hence, 
using the language of section |4] we conclude that F 2 G Tor H^l(M. 6, Z), and therefore 
(I6.16P is nothing but the torsion linking number of [Af] and [pj]. That is, in order for 
f a to depend on some open string modulus the associated 2-cycle pj should have a 
non-trivial component on the torsion homology group Tor H 2 (Ai 6 , Z). 
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7 Conclusions 



In this paper we have analyzed an important aspect of 4d type II compactifications 
and their M/F-theory relatives, namely the structure of Abelian gauge symmetries that 
survive at low energies. We have in particular considered those Abelian symmetries 
that in one way or another couple to the Standard Model (SM) degrees of freedom 
of any realistic compactification of this kind. Naively, these amount to the D-brane 
U(l)'s that remain massless after the Stiickelberg couplings of [2T] have been taken 
into account. We have however seen that Abelian symmetries arising from the closed 
string RR sector of the theory can also play a non-trivial role in describing the visible 
sector of a realistic compactification. 

One simple way this can happen is via the kinetic mixing of the SM hypercharge 
and a massless RR U(l) gauge symmetry. Such kind of kinetic mixing between open 
and closed string U(l)'s have been previously discussed in the D-brane literature, and 
are in general quite difficult to compute. Here we have provided a global geometric 
description of such mixing, which may help computing this U(l)y — U(1)rji kinetic 
mixing in specific type II models. In particular, in type IIA intersecting D6-brane 
models an open string U(l) is given by a formal sum of 3-cycles in the compactification 
manifold Mq, namely those 3-cycles wrapped by the D6-branes, together with a 4-chain 
E4 that connects them. The open-closed kinetic mixing is then expressed as an integral 
over this 4-chain £4, see eq. fl3.8p . Note that previous expressions in the literature rely 
on the existence of open string moduli $ J for the D6-branes, and basically provide 
the dependence of the kinetic mixing on them. These $ J are however massless 
adjoint fields which are unwanted in a realistic model, and so in practice one needs an 
expression like ( 13. 8 j) that provides the kinetic mixing even in the absence of any open 
string modulus. 

Kinetic mixing is however not the most direct interplay between RR and open string 
Abelian symmetries. One can see this by first realizing that RR U(l)'s are not the only 
class of Abelian gauge symmetries that arise from the RR sector of a compactification. 
In general one will also have discrete Z& gauge symmetries which, as shown in [15] 
are actually a massive U(l) gauge symmetry broken down to Z^ via an Stiickelberg 
mechanism. As argued in [J5] these Z*. gauge symmetries should be accompanied by 
Aharanov-Bohm strings and particles charged under them, and we have seen that for 
type II/M-theory compactifications this is the case if the compactification manifold 
Ai contains a very specific topological feature: a non-trivial torsion homology group 
Tor H*(Ai, Z). Torsion homology groups are generic in type II/M-theory compactifi- 
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cation manifolds, but oftentimes ignored because they are invisible to usual methods 
of dimensional reduction. In particular, for Calabi-Yau compactifications torsional 
groups in (co) homology are not associated to any massless sector of the theory. From 
our findings we see that they are however related to a very special massive sector: a 
RR U(l) gauge symmetry with a topological, built-in Stuckelberg coupling. 

The above result would perhaps not be very relevant for phenomenology was it 
not for the fact that D-brane U(l) can also participate in such built-in Stiickelberg 
mechanism. Indeed, a careful analysis shows that, e.g., D6-brane wrapping torsional 
3-cycles couple to the 4d 2-forms that mediate this mechanism. Hence, in order to 
know if a D6-brane U(l) is massless, we should know if its associated 3-cycle contains 
a torsional piece or not. If it does, then the built-in Stuckelberg mechanism induces a 
mass mixing between this D6-brane and several torsional RR U(l)'s, and the resulting 
massless U(l) will be a linear combination of all of them. Hence, for many D-brane 
models the naive spectrum of massless open-string U(l)'s is not so. Several of them 
are actually contaminated by RR torsional U(l)'s. 

We have provided an explicit type IIA example in which such mass mixing occurs, 
and which illustrates several scenarios of phenomenological interest. In fact, even if 
our discussion has mainly taken place in the context of type IIA compactifications, we 
have found that the most direct application of our results takes place in the context of 
type IIB/F-theory GUT models. Indeed, most GUT F-theory constructions are based 
on relating the hypercharge U(l)y to a 2-cycle p Y trivial in H 2 (M.,M.). This however 
leaves the possibility for p Y to be non-trivial in Tor H2{M., Z). If that were the case then 
the open string U(l)y would not be massless, but rather U(l) y = U(l)y+U(l)ijR. In 
particular, this would mean that the fine structure constant ot\ for such models should 
be recomputed, with a non-trivial contribution coming from ocrr. Interestingly, we find 
that this contribution substantially alleviates the gauge coupling unification problems 
pointed out in [M]. It would be remarkable if the key for gauge coupling unification in 
F-theory relied in the torsional homology of the compact manifold. 

On a more formal side, along our discussion of U(l)'s in type IIA models we have 
found that a key role is played by the 2-cycles fP within the 3-cycles 7r 3 wrapped by the 
D6-branes. Recall that for a D6-brane wrapped on a BPS 3-cycle 713 the open string 
adjoint moduli are in one-to-one correspondence with the non-trivial 2-cycles fP of 
7r 3 . In general, it is not known whether such 2-cycles are trivial in the ambient space 
A-^6 or not. We have however found that the interesting physics happens whenever they 
are non-trivial, in the sense that then & enters into some effective theory quantity. 
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pi C 7r a is non-trivial on 


$i appears on 


H+(M 6 ,Z) 


/ia (ESI) 




M/p fiu (|3.14|) 


TorF 2 -(M 6 ,Z) 


fa Q6.15P 



Table 5: Relation between the topology of the non-trivial 2-cycles p- 7 of a D6-brane 
3-cycle ir a and the quantities of the low energy effective action in which it appears. We 
have included the equations that describes this quantity in the main text. The last 
line is only true for the flux compactifications of section [6j 

We have summarized these results in Table It would be very interesting to explore 
if, via some effective field theory argument, one can obtain a general result on when 
the 2-cycles of a special Lagrangian are non-trivial in the compactification manifold. 
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A D6-brane dimensional reduction 



In this appendix we dimensionally reduce the terms of the D6-brane DBI-CS action 
that are relevant for the purposes of this work (see also [TlJ[l2] f° r ^ ne reduction of 
these and other terms in the action). In particular we are interested in computing 
Stiickelberg couplings and mixed terms between RR and D6-brane U(l) factors in the 
gauge kinetic function. These arise from the piece of the action which contains the RR 
3-form and 5-form, 



(a) 
CS 



/'fi 



/'fi 



P 



'XTTa 



C 5 A T% + -C 3 A A 



(A.1) 



1+2^ 



where 



Bo 



(A.2) 



In this expression /i 6 is the D6-brane charge and P [. . .] denotes the pull-back to the 
worldvolume of the D6-brane. We have performed a normal coordinate expansion to 
linear order in the geometric deformations (I2.17p . 

We follow the usual procedure for dimensional reduction. That is, we expand C3 
and C5 in the basis of forms, as in eqs. fl2.29p and f)2.30p . In addition we have argued 
in section 14.21 that it is possible to introduce an extra set of torsional forms in order 
to also account for the torsional cycles of the Calabi-Yau (c.f. eqs. fl4.16p - fl4.17p ). The 
complete field strength expansions read (see footnote E]), 



F A = Re(dN J ) A ai + dA i A ^ + (Re(dN a ) + k a pA 13 ) A c£ or + dA a A u 



tor 



F 6 = dV i Aw' + dC{ A /3 1 + [dV a - k a pC. 



dC% A (3 



tor, a 



(A.3) 
(A.4) 



Plugging these expressions into flA.ll) and integrating by parts we obtain 



S, 



(a) 



CS 



Ik, 



iPl + clCi) A F« + -djJieidN 1 ) A A a A F« 



--(Kl^dV^ + MWidA* 



i,j,k T a 



Re{T k )dA i -A* A Re{dT k 



A F!} + . . . 



(A.5) 



where B 2 = Re(T fc )a;^,, Wilson line moduli 9 J a were defined in eq. fl2.16p and the topolog- 
ical invariants c T a , dj a and cf in eqs. f)2.19p and (I4.29P (see also Appendix [C]). Moreover, 
we have introduced the integrals, 



M a - 



uji A ( 



j ■ 



7Z a ■ 



(A.6) 
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where inclusion of the integrand to the 3-cycle ir a should be understood in all these 
expressions. 

Notice that both electric and magnetic degrees of freedom appear explicitly in 
eq. (IA.5I) . The reason is that CS actions are given in a democratic formulation, so that 
all RR forms appear explicitly in the action. In order to express ( 1A.5j) in terms of only 
electric degrees of freedom, we note that 

-RfjdV* - S^A* A Re(dT k ) = -^X^Im(T^) * 4 dA l = 

= -S^ :k lm(T k ) * 4 dA l = -M? fe Im(Aj) * 4 A 1 (A.7) 

In this expression the first equality is obtained from applying the lOd relation F 4 = 
* 10-^6 ; with F p = dCp-i — C p -3 A dB 2 , in eqs.( lA.3j) and ( 1A.4|) . whereas for the second 
equality we have made use of /C^u) 1 = ujj A u k . Finally, we have made use of eq. fl2.18p 
in order to express the result in terms of A*. Moreover, one may also check that 

5* jBe^dA* = M^ k Re(X k )dA i (A.8) 

Putting all pieces together we finally obtain, 

Scs = ^ f \~ (cfCf + c{Ci) A F 2 a + UjaReidN 1 ) A A a A F 2 a 

+]^M a ik (Re{<l> k a )dA i A F 2 a - Im(^) * 4 dA i A F 2 a ) + . . . (A.9) 

where we have expressed the result in terms of the complex open string moduli 
defined in eq. (12.15j) . The first term in the integrand is the Stiickelberg coupling giving 
mass to some linear combination of U(l) gauge bosons that we discussed in section H~3l 
Indeed, adding the kinetic term for the 2-forms (which can be obtained by dimensionally 
reducing the lOd F 6 kinetic term) and integrating out C 2 (see for instance [78]), leads to 
eq.f l4.3ip . The second term in (IA.9[) corresponds to the coupling of complex structure 
axions to D6-brane U(l) gauge bosons. It combines with the kinetic term for D6-brane 
U(l) gauge bosons (obtained by dimensionally reducing the DBI action [TT|[T2]) to give 
the tree-level gauge kinetic function of D6-brane U(l) gauge bosons, 



fa = ~i (A. 10) 

The remaining terms in the integrand of eq.f lA.5p correspond to the kinetic mixing 
between RR and D6-brane U(l) gauge symmetries discussed. These can be expressed 
in terms of a mixed gauge kinetic function, 

/ia = -i$£ / Wi AG + ... (A.ll) 



which is well-defined up to a ^-independent term, as discussed in section [31 
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B Type IIB compactifications 



For the most part of this work we have discussed RR U(l) gauge symmetries arising 
in type IIA Calabi-Yau orientifold compactifications. Similar considerations, however, 
apply to type IIB Calabi-Yau orientifold compactifications and their F-theory relatives. 
In this Appendix we rephrase the main results of this paper in the language of type IIB 
Calabi-Yau orientifolds. Since both types of compactifications are related by mirror 
symmetry and most of the ingredients are topological, the discussion follows closely 
the one in the main part of the paper. This alternative exposition, however, is bet- 
ter adapted to some of the phenomenological applications with D7-branes which we 
describe in section |5j 

We consider type IIB Calabi-Yau orientifold compactifications with D3 and/or D7- 
branes. The orientifold action is given by fl p (— 1) cr, and the involution a satisfies 

HZWB!, 

aJ = -J 7 an = -tt (B.l) 

Fixed loci of a are points and/or complex 4-cycles in and lead to 03 and 07- 
planes respectively. In order to cancel the RR-charge of the O-planes one may therefore 
introduce D3-branes and/or magnetized D7-branes wrapping complex 4-cycles in 

Since the roles of h 1,l {M.Q) and h 1,2 (A4§) are exchanged under mirror symmetry, the 
closed string spectrum of 4d massless fields now consists of h 1 ' 1 +h]l 2 +l chiral multiplets 
and h+ 2 vector multiplets of the 4d J\f = 1 supersymmetry [18],[22] • The moduli space, 
spanned by the scalar components of the chiral multiplets, consists of h 1 ' 1 Kahler 

12 ff~> 

moduli, hi complex structure moduli, and a complex axiodilaton, r = Cq + ie - * 10 . 
To simplify the discussion, we set /ii' 1 = in what follows, without loss of generality 
of our results. With that assumption, all Kahler moduli of the compactification come 
from the expansion [22] . 

J c = C 4 - Je^'JA J = -T% , (B.2) 

with Ui a basis of cx-even 4-forms. 

Chiral matter in type IIB orientifold compactifications typically arise from D3 
and/or magnetized D7-brane intersections. We are particularly interested in the case 
of D7-branes, as they play a prominent role in F-theory GUT model building [79]. At 
generic points of the moduli space, each stack of N a D7-branes with equal magnetiza- 
tion carries a U(N a ) gauge theory in its worldvolume. The 4d gauge kinetic function 
is given by [80] 

fa = ~iN a [ [J c + rTr(J- 2 A F 2 )\ (B.3) 

JS a 
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where S a is the complex 4-cycle wrapped by the stack of D7-branes. There are complex 
scalar fields transforming in the adjoint representation of the gauge group. These span 
the open string moduli space of the D7-brane [9] and are given by h 1,0 (S a ) complex 
Wilson line moduli, a l a , and h 2 '°(S a ) geometric moduli, 

Magnetized D7-branes generically develop Stiickelberg couplings in their 4d effective 
action, so that their diagonal U(l) gauge boson becomes massive, SU(iV a ) xU(l) a — > 
SU(iV a ). This can be explicitly seen by dimensionally reducing the following piece of 
the D7-brane Chern-Simons action [80] 



Scs= [ P[C,A ^A J^} =/i 7 / QAF 2 fl / W! A^ + ... (B.4) 

J^-^XSa JR 1 ' 3 J S a 

where F\ denotes the background of F% in S a , Ui is a basis of 2-forms even under a 
and C\ are the 4d 2-forms dual to the Kahler axions Re(T*). This Stiickelberg coupling 
is mirror symmetric to the one described in section 12.21 for D6-branes. As occurs in 
that case, the discussion can be rephrased in terms of homology classes, however, for 
D7-branes the relevant homology group is H^iM-e, Z) instead of if 3" (Me, Z). Indeed, 
if denotes the Poincare dual of F 2 in S a , we can express flB.4|) as 

Scs= I CiAFg [ Ui (B.5) 

Massless U(l) gauge bosons thus correspond to combinations for which [pf] is trivial 
in H^Mq, Z), so that there is a 3-chain S 3 C M.§ whose boundary is <9£ 3 = C S a . 



6; 



Besides the gauge symmetries coming from the open string sector, there are h+ (Ai 
massless RR U(l) gauge bosons in the 4d spectrum. These result from dimensionally 
reducing C4 in a symplectic basis of even 3-forms, (ai, (3 1 ), 1 = 0,..., h+ 2 . The com- 
plete expansion of C 4 is thus given by 

C A = J2( Al A a/ + V 1 A P 1 ) + i C 2 A u)i - Re(r)^) (B.6) 

I i 

where electric and magnetic vectors, A 1 and V 1 , are related by the lOd self-duality 
condition F 5 = *wF 5 , with F 5 = dC^ + \Ci A dB 2 — \B 2 A dC 2 . The 4d gauge kinetic 
function of these RR U(l)'s can be obtained from dimensional reduction of the F5 
kinetic term in the lOd type IIB supergravity action. The final result is given by [22] 

. d 2 T 



f. 



L.I 



(B-7) 

fjf=0 



drjdfj 

where J 7 is the M = 2 prepotential of the Calabi-Yau 3-fold, which is a holomorphic 
function of the M = 1 complex structure moduli 77 and of the additional M = 2 complex 
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structure deformations tk- The latter ones are projected out by the orientifold, so 
that fjj is a holomorphic function depending only on the M = 1 complex structure 
moduli [22] . 

Let us now turn to the discussion of kinetic mixing between RR and D7-brane U(l) 
gauge symmetries. Kinetic mixing between both types of U(l)'s can be triggered by 
geometric deformations of the D7-branes. Indeed, expanding the pull-back in the rhs 
of eq. (1B.4p to linear order in the geometric deformations of the D7-brane, one obtains 



S k c 7 m = [ ^5AJ 2 a A^ + ... 

= f F£ A dA 1 [ i^aj A F\ + / F 2 a A dV 1 [ l^J 1 A F a 2 + . . . (B.8) 

./R 1 . 3 J Sa Jr 1 - 3 JSa 

Eliminating the magnetic vectors dV 1 by means of the lOd self-duality condition of F 5 , 
this leads to the following 4d mixed gauge kinetic function 

fia = ~i fc*„7J AF a 2 + ... = -i / t$ all + ... , j I = a I + if u (3 J (B.9) 
Js a JpF 

As occurs with the analogous expression for D6-branes, eq. fl3.3p . this derivation has 
a $- independent ambiguity which can be explicitly fixed for massless D7-brane U(l) 
gauge bosons. In that particular case, following the same reasoning than in section [31 
we can express the 4d mixed gauge kinetic function (up to shifts of the open string 
moduli) as an integral over the 3-chain S3 related to the massless combination of 
D7-brane U(l)'s, 

fia = -i [ li (B.10) 

Apart from the gauge kinetic mixing triggered by the geometric deformations of the 
D7-branes, it is also possible to have kinetic mixing between D7-brane and RR U(l) 
gauge symmetries triggered by Wilson line deformations [H] , in models where these are 
present. Indeed, integrating by parts the r.h.s. of eq.f ]B.4j) and proceeding as before 
we get [9], 

Scs (2) = ~ [ F 5 AF«AA a -> f Ia = -i [ a a A 7/ (B.ll) 

JB?- 3 xS a Jpl 

Finally, D7-brane and RR U(l) gauge symmetries can also mix through the mass 
matrix induced by the Stiickelberg mechanism. This is only possible if both types of 
gauge bosons couple to a common set of 4d 2-forms. As it was thoroughly discussed 
in section |4j massive closed string U(l) vector bosons arise from torsional cycles of 
the Calabi-Yau. We have summarized in Tables and [7] the lOd origin of the electric 
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and magnetic degrees of freedom of massive closed string U(l) symmetries in type 
IIB Calabi-Yau orientifold compactifications. These tables are the mirror symmetric 
counterparts of Tables [1] and [2j 



U(l) etec . 


group 


charged particles 


cycle 


axions 


group 




Tor Hi 


P 


Tor H+ 


9ij 


Tor Hi 


B m a 


Tor Hi 


Fl 


Tor H- 




Tor Hi 


(~~< m 
M 


Tor Hi 


Dl 


Tor H~ 




Tor Hi 


/~i mno 
A 1 


Tor Hi 


D3 


Tor H+ 




Tor H\ 



Table 6: Complete set of massive closed string gauge symmetries and charged states in 
weakly coupled type IIB Calabi-Yau orientifold compactifications. P denotes the gravity wave 
and Fl the fundamental string. We present also the axions which mediate the Stiickelberg 
mechanism giving masses to the corresponding vector boson. 



U(l )mag. 


group 


charged strings 


cycle 


C\ 


group 


J^J^ mnopq 


Tor H\ 


KK 


Tor H+ 




Tor H% 


f) mnopq 


Tor Hi 


NSh 


Tor HI 


R ijkl 
LJ av 


Tor Hi 


ri mnopq 
A* 


Tor Hi 


D5 


Tor HI 


c^ kl 


Tor Hi 


(~* mno 


Tor H% 


D3 


Tor H+ 




Tor Hi 



Table 7: Dual U(l) magnetic degrees of freedom and 2-forms mediating the Stiickelberg 
mechanism. KK denotes the Kaluza-Klein monopole. 

Massive RR U(l) gauge bosons come from reduction of C<i on Tor H^ and C4 on 
Tor H%. We are particularly interested on massive RR U(l) symmetries which arise 
from the expansion of C4. The reason is that those are the ones which can couple 
to the same type of axions than magnetized D7-branes do, namely to Kahler axions. 
In order to show this explicitly, we can introduce torsional forms u;^ or G Tor Hi and 
o4° r G Tor Hi, with du^ r = /c Q /3 o;| or , accordingly to the procedure described in section 
I4~2l We then have 

dC 4 = [( dAa + ^^2) A a « r + (Re(rfT°) - kJV fi ) A u tov ' a 

a 

+ dC«Auj t ™ + dV a A (3 tOT > a ] + ... (B.12) 

where Cj tOT,a G Tor Hi and /3 tor ' Q g Tor Hi are the dual forms to u;* or and a4° r 
through eq. fl4.15p . Dimensionally reducing the kinetic term of F 5 in the lOd type 
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IIB supergravity action we therefore obtain a 4d Stiickelberg Lagrangian analogous to 
eq.gZEl 0. 

From eq. (IB.4j) we observe that for a stack of magnetized D7-branes to develop a 
Stiickelberg coupling to the same 2-form C^, the 4-cycle wrapped by the D7-branes 
must contain the torsional 2-cycle associated to the massive RR U(l) gauge symmetry. 
Moreover, the Poincare dual of the magnetization should have a non-vanishing com- 
ponent along it, pf G Tor H^iMe,^). In that case we can express the Stiickelberg 
coupling in the worldvolume of the D7-branes as, 

Scs= [ C«AF« [ < r + ... (B.13) 

Note that Co^ or and Pa ,tm are torsional on M.§, but not necessarily on the 4-cycle S a . 
Indeed, defining the 3-chain Eg 01 such that dT^ r = kp^ ,tor , with k the rank of the 
torsion, one often finds that pf' tor C S a but S 3 <f_ S a . 

The discussion of which combination of RR and D7-brane U(l) gauge symmetries 
remain massless then closely follows the one for D6-branes. As we have argued, we can 
associate an element of Tor H^M.^, 1>) to each RR U(l) gauge symmetry developing a 
Stiickelberg coupling. Hence, given a homology class [S a ] G H^(Ai 6 ), massless combi- 
nations of U(l) gauge symmetries are in one to one correspondence with homologically 
trivial combinations of elements in H^iAis,^ with non-zero pull-back to [S a ]. 

C D-branes and torsion invariants 

One of the most important results regarding torsion in (co) homology is the Universal 
Coefficient Theorem [38]. Rather than (14.91) . the canonical version of this theorem is 

ToiH r (M D ,Z) ~ Horn (Tor H r ^(M D , Z),Q/Z) (C.l) 

That is, each class of torsional r-forms [u) tor ] should be understood as a function that 
maps torsional cycles 7r* < ^ 1 to phases 

tt*™ m- exp (27r^(C r i)) (C2) 

such that ^(^-i) is the same for each cycle on the same homology class [vr,J: or 1 ] G 
Tor H r ^i(M D , Z), and <p([7r*° r 1 ])+(p([<° r 1 / ]) = ^([tt^+tt* 01 '/]). This gives a one-to-one 
correspondence between the possible choices for <p and the elements of Tor H r _i(M. d,Z), 
from which (14. 9 \ follows. 
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In terms of this more fundamental definition, it is easy to see why in the main text 
we have identified certain p-forms with elements of Tor H* Z). For instance, if we 
take a torsional 2-cycle of A4§ we can construct a bump 4-form 8% = S^tt^) that 
has components transverse to and a 5-like support on it. In order to associate [5%] 
with an element of Tor H 4 (J\Aq, Z) we should provide a map of the form ( 1C.2I) for the 
set of torsional 3-cycles of A4q. But we can do this by simply taking a 3-form such 
that dF£ = 52 and integrating it over each torsional 3-cycle 7r3° r . Indeed we have that 



= F«= F? + 52 (C.3) 

/ tor, 3 / tor, 3 1 I ^ 

J 7T 3 J 7T 3 J Zj4 

where we have taken another torsional 3-cycle ir^ 31 such that [vr3 0r,/3/ ] = [773™ ] and 
a 4-chain S 4 such that <9£ 4 = n^' 13 — ir^ T . Notice that (1C.3P is independent of the 
choice of F£ that we take, so in the following we will replace F^ — > d~ 1 (52)- Moreover, 
since the integral of 62 over this 4-chain is necessarily an integer number, it follows 
that the map 

7r* or ^ ^ exp (2m<p a (ir* t > p j) (C.4) 

does only depend on the homology class [tt^ 01 '^]. In addition, ( 1C4[) respects the group 
law of Tor H 3 (A4q, Z), and so it is indeed an element of Horn (Tor H 3 (Mq, Z), Q/Z). 
Hence, we can also think of it as an element of Tor H a (A{q, Z), namely the Poincare 
dual of [vr*™]. 

Given this identification, it is easy to see that (IC.3j) is nothing but the torsion 



linking number of [vr^™] and [7r3° r '' 3 ]. Indeed, following the definition of the main text 
we have that 



Lj = [4° r '"}) m = dl v fs 6 " = V f B 

kp J?,? k,3 Jk^B 



d~\52) = / S^Ad-\S2) (C.5) 

3 J Me 



where hp is the minimal integer such that kptr^'^ is trivial in homology, and we have 
taken a 4-chain E4 such that <9£f = kpir£ T '^ ' . Finally, we have defined a bump form 
<^3,/3 = ^3^(7T3° r ) for the torsional 3-cycle . We can also define the torsion linking 
form L in terms of the latter 



^ = i(Wffl m ^ dl / <r x (M=/ ^a^(M (c.6) 

J Me 



tor 
2. a 



from which is easy to see that for a 6d manifold L is symmetric, and that kL a P G Z 
for k = g.c.d.(fc a , kp). 
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The torsion linking form is the main topological quantity that one may construct 
from the finite groups Tor H 3 (Ai 6 , Z) and Tor H 2 (Ai 6 , Z) and, by Poincare duality, they 
express relations that are obeyed by the groups Tor H 3 (Ai G , Z) and Tor H 4 (A4 6, Z). 
Indeed, from (IC.5)) and (I0.6[) we see that we can always construct a set of 2-forms 
{F 2)i a} and 3-forms {F^} such that 

/ 8 3 ,p A F 3 Q = / 5° A F 2>/3 = ^ (C.7) 

J Ms J Me, 

and 

dF 2i/3 = (L- 1 )^ dF« = -{L- X ) a ^ (C.8) 

where we have used the fact that L is invertible. 

As these relations contain topological information of the torsion homology groups, 
we should impose similar ones to each set of forms with integer coefficients that aim to 
represent Tor H 3 (A4 G , Z) and Tor if 4 (.M 6, Z). In the main text we have done so for a 
set of forms that can be thought as smoothed out versions of the bump forms 62 and 
8 3 ^. More precisely we have the relations 

[$»,«] = K° r ] e Tor H 3 (M 6 , Z) [52] = [u tOT ' a ] E Tor H\M 6 , Z) 

(C.9) 

F 2 , a ~ c^ or E Tbr H 2 if ~ /3 tm ' a E Tbr if 3 

where the set Tor H p is closed under the action of the Laplacian, see eqs. fl4.18p . That 
this set of forms exists has been our working assumption in section HI 

How can we construct a smoothed out version of our bump functions? One pos- 
sible way is, following [36], to consider objects in relative cohomology. Indeed, let us 
take a set of torsional 2-cycles {vr^} and 3-cycles {7r3° r ' a } such that their homology 
classes generate Tor H 2 (Aie, Z) and Tor H 3 (Ai e , Z), respectively. We may consider a 
particular 2-cycle and construct the relative cohomology groups H p (A4q, vt^™). Those 
are constructed as in usual de Rham cohomology, but cochains are instead given by 
pairs of forms (a p ,a p ~i) E Q p (Mq) x ^ p_1 (7r 2 °*) and the differential by 

d((T p , (7 p _i) = (d(T p , o-pl^tor - da p _i) (C.10) 

Thus, let us take the pair (5 3t p, 0), defining a non-trivial class [{S^p, 0)] E H 3 (A4q, vt^™). 
Any other 3- form a| or such that («| or , 0) is in the same relative cohomology class 
[(<5 3i/ 3,0)] satisfies that a| or — <5 3i/3 = da 2 ^ with a 2t p such that a 2 ^\^o^ = d&i for some 
1-form <Ti of 7r 2 °a- This implies that in (10. 6|) we can replace 5%^ with a| or , since 

/ d~\af) = [ d- 1 (6 3 ,p) + [ a 2 = [ d-\6 3 ,p)+ [ da x = L p a (C.ll) 
J A°L J A% J A% J A°; a J A m a 
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We can repeat the same construction for [(5%, 0)] G H 4 (A4q, n^ 1 ' 13 ). There we have that 
for any 4-form Q tm < a such that (u) tor ' a ,0) ~ (6™ , 0) in H 4 (Ai 6 , n^^), we can replace 
8% — > Cj tm ' a in (IC.5I) and obtain the same result. It then follows that the set of forms 
{a?} and {u tOT,a } constructed in this way satisfy relations equivalent to (10. T|) and 
(gLSD , namely [36] 

/ c^ or A /3 tor ' Q = f ul or A w tor ' Q = 5° (C.12) 

and 

duf 1 = {L- 1 ) p a a^ r d(3 toI ' a = -{L- l ) a pCj tai >P (C.13) 

More importantly, this means that the phases (1C2|) that these forms associate to each 
torsional 2 and 3-cycle of our construction are exactly the same as the bump forms 52 
and 5%^ and, in this sense, they can be thought as the same elements of Tor H 4 (AiQ, Z) 
and TorH 3 {M 6 ,Z). 

In order to complete the construction flC.9j) we need to find a set of representatives 



{a^ or } and {u) tor '^} of the above relative cohomology classes which form a closed set 
under the action of the Laplacian, in the sense of eq. fl4.19l) . That such kind of basis 
exists has been shown to be the case for simple examples of torsional manifolds like 
twisted tori, as well as for other manifolds obtained by twists of the form (I4.38P and 
(16.21) , see [49JET] . For those constructions we have that 



3 



/3 tor ' a = 5 a . (C.14) 



and so expanding the RR potential C5 as in (I4.17P and dimensionally reducing it over 
a D6-brane wrapping a torsional 3-cycle we obtain the couplings (14.301) . 

The results of this paper, however, do not rely on the above construction and can 
be derived using the more abstract language of gerbes (see e.g. [31]), which is the 
precise way to describe RR field strengths and potentials. From such viewpoint we 
should think of a l ° r as the curvature of a 1-gerbe, and Cb tm,a as the curvature of a 
2-gerbe. Taking an appropriate covering {U a } of A4q we can characterize a 1-gerbe 
with curvature 3-form a by a set of forms that satisfy 

a\ Ua = dF a 
F b -F a = dA ab (C.15) 
i {A ab + A bc + A ca ) = g~ b \dg abc 

with g abc : U a PI U b R U c — > S 1 a cocycle that defines the gerbe, and that is analogous 
to a set of transitions functions g ab : U a PI U b — > S* 1 for a line bundle. 
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As discussed in [3T], if the gerbe curvature a vanishes identically then we can write 
F a = dB a on U a , and we say that we have a gerbe with a flat connection. Similarly to the 
case of line bundles, where a flat connection defines a homomorphism ^(A^) S 1 , a 

1- gerbe with a flat connection defines a homomorphism H 2 (Mq, Z) — > S 1 , and we dub 
the phase associated to each 2-cycle of Af 6 as the holonomy induced by the gerbe. If we 
restrict this homomorphism to Tor ^(A^, Z) — > S 1 , then we see that this holonomy is 
nothing but the phases of the map (1C.2|) for r = 3, and so a 1-gerbe with flat connection 
can be related to an element of Tor H 3 (JHq, Z). If the curvature a does not vanish 
then we can still define a holonomy for each 2-cycle 7r 2 , but now it varies within the 
homology class [7r 2 ]. Indeed, let us consider two homologous 2-cycles 7r 2 and 7r 2 , and a 
3-chain S3 such that 9S3 = 7r 2 — 7r 2 . Then we have that 

hol(vr 2 ) = hol(vr 2 )-exp ^2ni J o^j (C.16) 

which is a well-defined quantity because J ns a G Z for each 3-cycle II3 C A4 6 . 

Let us now consider a 1-gerbe whose curvature a does not vanish but it is trivial in 
H 3 (M 6 ,R), as it is the case for the torsional 3-forms a^ or considered in this work. In 
that case we have that on the patch U a , F a = F + dB a with F a globally well-defined 

2- form such that dF = a. From (IC.16P and the fact that J 2a a = f n , F — F it 
follows that 

hoT(vr 2 ) = hol(vr 2 ) • exp ^-2ni J F^j (C.17) 

only depends on the homology class of 7r 2 , and therefore it defines a homomorphism 
Tor if 2 (Al6> Z) — > S 1 that allows to identify a with an element of Tor H 3 (Aig, Z). 

Clearly, we can define hoi for a gerbe of any degree. There is however a particularly 
elegant way to define it for torsional r-cycles, based on the topological invariants built 
on [H2] (see also [S3]). Indeed, let us consider a torsional r-cycle 7r* or and the holonomy 
induced on it by a (r — l)-gerbe curvature a r+ \. Since 7r* or is torsional, we have that 
/c7r* or = <9E r+ i for some 4-chain £4 and k G Z. Then we can write 

hol(7r r ) = hoi (7r r ) • exp ( — / a r +i J (C.18) 

V k is r+1 / 

Remarkably, flC.18j) is precisely what we obtain when we compute the couplings 
( 14.301) between D6-brane U(l) gauge bosons and RR massive axions. Indeed, in this 
case the gerbe curvature is given by u) tor,IB , and the torsional cycle by the sum of 3- 
cycles 71^" that we associate to the open string U(l)&. Naively, the coefficients are 
obtained from the D6-brane dimensional reduction as 

par,? = _ k ? a / d-lfitor,^ _^ _^lnhol a (7T 6 -) (C.19) 



where hol Q is the holonomy induced by u tOT ' a . However, to this quantity we need to 
substract the one that appears in the kinetic mixing of U(l)& and the torsional RR 
U(l)'s. 

{dV a - k a p Cl) A F% 7- / Cu tOT ' a (C.20) 

where dT,\ = k^n^ . Using that the matrix k is symmetric, it is possible to see that 
subtracting the kinetic mixing coefficient amounts to replace hol a (7r^~) — > hol a (7r^~) in 
(1C.19I) . Therefore, since by definition 

^mhoT^) = L a b , (C.21) 

2711 

we recover via (14.291) the result of the main text. 
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